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Perfectoid rings as defined in the theory of perfectoid spaces by P. Scholze (Etále Cohomology
of Diamaonds, arXiv):

Definition A Tate ring R is perfectoid if R is complete, uniform, i.e. Ro�R is bounded, and
there exists a pseudo-uniformizer $ 2R such that $pjp in Ro and the Frobenius map

�:Ro/$!Ro/$p:x 7!xp

is an isomorphism.
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Formalization in the Naproche Natural language proof checking system:

Definition. R is perfectoid iff R is complete and uniform and there exists a pseudouniformizer
$ of R such that $p;Rjp[R] in Ro within R and

�R:Ro/$=�Ro/$p;R:
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Naproche

Output, failures/overall success

Original mathematical text

Controlled Natural Language for mathematics

Premises Goal

First-order ATPs: E, Vampire

Naturalness of proof texts

Controlled Natural Language
ForTheL defined by a formal
phrase structure grammar

Readable formalizations in LATEX
format, leveraging LATEX macros

Literate style, interleaving for-
malizations and explanatory text

Strong ATPs to enable human-
like proof steps

Embedded in the Isabelle Prover
IDE for interactive editing and
checking



The Naproche formalization was motivated and guided by the Lean formalization of perfectoid
spaces by Kevin Buzzard, Johan Commelin, and Patrick Massot.
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Uniform and Huber rings
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Tate rings

X is topologically nilpotent

X is a unit: XX¡1=1



Perfectoid rings

-



Lean Naproche

/--A subset B of a topological ring
is bounded if for all neighbourhoods
U of 0 2 R, there exists a
neighbourhood V or 0 such that for
all v 2 V and b 2 B we have v*b 2
U.

See [Wedhorn, Def 5.27, p. 36]. -/
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8 U 2 nhds (0 : R), 9 V 2 nhds (0 :
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def is_bounded (B : set R) : Prop :=
8 U 2 nhds (0 : R), 9 V 2 nhds (0 :
R), 8 v 2 V, 8 b 2 B, v*b 2 U

Let R denote a ring that is a topological space.

Definition. Assume that B is a subset of R. B
is bounded in R iff for all neighborhoods U of
0R in R there exists a neighborhood V of 0R

in R such that v �Rb2U where v2V and b2B.

Wedhorn original:

Definition 5.27. Let A be a topological ring. A subset
B of A is called bounded if for every neighborhood U
of 0 in A there exists an open neighborhood V of 0 in
A such that vb2U for all v 2V and b2B.



Lean Naproche

/--A subset of a bounded subset
is bounded. See [Wedhorn, Rmk
5.28(2)].-/

lemma subset {S₁ S₂ : set R} (h
: S₁ � S₂) (H : is_bounded S₂) :
is_bounded S₁ :=

begin
intros U hU,
rcases H U hU with hV, hV₁, hV₂i,
use [V, hV₁],
intros v hv b hb,
exact hV₂ _ hv _ (h hb),
end

Lemma 1. (title = L 136) Every subset of every
bounded subset of R is a bounded subset of R.

Proof. Let B be a bounded subset of R. Let A�
B. Let U be a neighborhood of 0R in R. Take a
neighborhood V of 0R in R such that V ?RB�U .
Then V ?RA�V ?RB �U . V ?RA�U . �



Lean Naproche

/--The sum of two power bounded
elements of a nonarchimedean ring is
power bounded.-/

lemma add (hR : nonarchimedean R)
(a b : R)(ha : is_power_bounded
a) (hb : is_power_bounded b) :
is_power_bounded (a + b) :=

begin

rw singleton at ha hb `,

refine subset _ (add_group.closure
hR (union ha hb)),

rw set.singleton_subset_iff,

apply is_add_submonoid.add_mem;

apply add_group.subset_closure;
simp

end

Lemma 2. (title = L 290) Let R be nonar-
chimedean. Let a; b be elements of R that are
powerbounded in R. Then a +R b is power-
bounded in R.

Proof. Let U be a neighborhood of 0R in R.
Take a subset U 0 of U that is a subgroup of
R and open in R. U 0 is a neighborhood of 0R

in R. [timelimit 30] Take a neighborhood V

of 0R in R such that v �R bn;R2U 0 where v 2
V and n is a natural number. [timelimit 30]
Take a neighborhood W of 0R in R such that
w �Ram;R2V where w2W andm is a natural
number. [timelimit 3]
(1) w �R (am;R �R bn;R)2U 0 where w2W and
m;n are natural numbers.
Proof. Let w 2W and m; n be natural num-
bers. w �Ram;R2V and w �R (am;R �R bn;R)=
(w �R am;R) �R bn;R2U . qed.
. . . . . . �



Lean Naproche

import topology.basic

import topology.algebra.ring

import algebra.group_power

import ring_theory.subring

import tactic.ring

import for_mathlib.topological_rings

import
for_mathlib.nonarchimedean.adic_topology
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Preliminaries in the Naproche formalization

The Naproche preliminaries build a highly
structured FO universe with FO-defined
notions (� types).

Naproche provides rudimentary notions of
objects, sets and classes, that can be further
specified by axioms.
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Lean Naproche

� original, comprehensive formalization

� unified Lean foundations (mathlib)

� within a big theory

� dependent type theory

� computer language

� explicit imperative tactic proofs

- efficient proof checking

Fully developed proving and programming
language with continuous development, and
growing support, libraries and user community

� formalization of a part of the Lean formaliza-
tion

� ad hoc preliminaries

� �little theory�

� FOL with methods for first-order defined soft
types

� (controlled) natural language

� declarative proofs with implicit proof details

� heavy use of ATPs

- checking the perfectoid formalization takes
� 30 minutes

Experimental, explorative proof of concept for
Natural Language Proof Checking
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Conclusions and future work

� fully formal mathematics appears possible within a traditional (Naproche-)style of mathemat-
ical writing

� can Naproche be extended to a �big system�, with a universal axiomatic foundation and a
comprehensive library, preserving its naturalness?

( � continue work on Naproche: language, efficiency of proof checking, formalizations)

� can Naproche's natural language approach be applied to established �big systems� like Lean?

� can the translations and processings of various languages in natural formal mathematics be
supported by machine learning and LLMs? Controlled Natural Languages like the Naproche
input language may be advantageous for LLMs since they are �natural languages�.
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https://naproche.github.io/
https://github.com/naproche/FLib/blob/master/PerfectoidRings/

perfectoidrings.ftl.tex

https://isabelle.in.tum.de/website-Isabelle2024/
https://files.sketis.net/Isabelle_Naproche-20250328/

https://isabelle.in.tum.de
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