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Compiling Pattern Matching and ADTs
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Compiling Pattern Matching and ADTs

3

Same pattern matching compilation algorithm can be used 
for all (non-dependent) cases!

Patterns Decision Trees Simple Patterns Simple Patterns
ADTs Pointers Built-in First-Order Formulas

How do we know these 
compilation steps are correct?



Our Contributions

• We give the first verified general-purpose, real-world pattern 
matching compiler.

• We use this compiler to implement a verified exhaustiveness 
checker, extend proofs from the literature, and formulate a 
robustness property with which we discover an exhaustiveness-
related bug in Why3.

• We use this to give the first formally proved-sound first-order 
axiomatization of ADTs.
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Background

• Build on Why3Sem, Rocq 
formalization of Why3’s logic 
[Cohen and Johnson-Freyd 
2024]

• Why3's logic: First-order logic 
with polymorphism, ADTs, 
pattern matching, recursive 
functions, and inductive 
predicates
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theory TreeForest
type list 'a = Nil | Cons 'a (list 'a)
type tree 'a = Leaf 'a | Node (tree 'a) (forest 'a)
with forest 'a = list (tree 'a)

use int.Int

function count_forest (f: forest int) : int =
 match f with
 | Nil -> 0
 | Cons t' f' -> count_tree t' + count_forest f'
 end
with count_tree (t: tree int) : int =
 match t with
 | Leaf i -> i
 | Node t' f' -> count_tree t' + count_tree f'
 end



Pattern Matching in Why3
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| _
 | 𝑥
 | 𝑐(𝑝1, … , 𝑝𝑛)
  𝑝1 𝑝2

 | 𝑝 𝑎𝑠 𝑥

𝑝 ≔ 



Pattern Matching in Why3
Complicated!
• Nested matching
• Simultaneous matching
• Interactions with termination 

checking
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| _
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Pattern Matching in Why3
Complicated!
• Nested matching
• Simultaneous matching
• Interactions with termination 

checking
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Why3Sem has pattern/matching
• Syntax
• Typing
• Semantics

| _
 | 𝑥
 | 𝑐(𝑝1, … , 𝑝𝑛)
  𝑝1 𝑝2

 | 𝑝 𝑎𝑠 𝑥

𝑝 ≔ 



Pattern Matching Compilation
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match l1, l2 with
| [], [] -> x1
| [_], _ -> x2
| _ :: _, _ -> x3
| [], _ :: _ -> x4
end

match l1 with
| [] -> match l2 with
    | [] -> x1
    | y3 :: y4 -> x4
    end

| y1 :: y2 -> 
    match y2 with
    | [] -> x2
    | y5 :: y6 -> x3
    end

end



Pattern Matching Compilation
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match l1, l2 with
| [], [] -> x1
| [_], _ -> x2
| _ :: _, _ -> x3
| [], _ :: _ -> x4
end

match l1 with
| [] -> match l2 with
    | [] -> x1
    | y3 :: y4 -> x4
    end

| y1 :: y2 -> 
    match y2 with
    | [] -> x2
    | y5 :: y6 -> x3
    end

end
match l1, l2 with
| [], [] -> x1
| [_], _ -> x2
| _ :: _, _ -> x3
end

Non-exhaustive!



Pattern Matching Compilation
• Widely applicable and well-studied problem: e.g. OCaml, Haskell, 

Rocq

[Augustsson 1985], [Baudinet and MacQueen 1985], [Laville 1988], 
[Puel and Suarez 1990], [Maranget 1992], [Pettersson 1992], [Sekar 
et al. 1995], [Sestoft 1996], [Scott and Ramsey 2000], [Le Fessant 
and Maranget 2001], [Maranget 2007], [Maranget 2008], 
[Karachalias 2015], [Tuerk et al. 2015]
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Pattern Matching Compilation
• Widely applicable and well-studied problem: e.g. OCaml, Haskell, 

Rocq
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Pattern Matching Compilation [Le Fassant 
and Maranget 2001, Maranget 2008]
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match l1, l2 with
| [], [] -> x1
| [_], _ -> x2
| _ :: _, _ -> x3
| [], _ :: _ -> x4
end

𝑛𝑖𝑙 𝑛𝑖𝑙 𝑥1

𝑐𝑜𝑛𝑠(_, 𝑛𝑖𝑙) 𝑛𝑖𝑙 𝑥2

𝑐𝑜𝑛𝑠(_, _) _ 𝑥3

𝑛𝑖𝑙 𝑐𝑜𝑛𝑠(_, _) 𝑥4



Pattern Matching Compilation [Le Fassant 
and Maranget 2001, Maranget 2008]
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match l1, l2 with
| [], [] -> x1
| [_], _ -> x2
| _ :: _, _ -> x3
| [], _ :: _ -> x4
end

𝑛𝑖𝑙 𝑛𝑖𝑙 𝑥1

𝑐𝑜𝑛𝑠(_, 𝑛𝑖𝑙) 𝑛𝑖𝑙 𝑥2

𝑐𝑜𝑛𝑠(_, _) _ 𝑥3

𝑛𝑖𝑙 𝑐𝑜𝑛𝑠(_, _) 𝑥4

𝑆 𝑛𝑖𝑙, 𝑃 =
𝑛𝑖𝑙 𝑥1

𝑐𝑜𝑛𝑠(_, _) 𝑥4
𝑆 𝑐𝑜𝑛𝑠, 𝑃 =

_ 𝑛𝑖𝑙 𝑛𝑖𝑙 𝑥2

_ _ _ 𝑥3

𝑆(𝑐, 𝑃) : rest of match, assuming the first term matches constructor 𝑐 



Pattern Matching Compilation [Le Fassant 
and Maranget 2001, Maranget 2008]
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match l1, l2 with
| [_], _ -> x1
| _, _ :: _ -> x2 
| _, _ -> x3

𝑐𝑜𝑛𝑠(_, 𝑛𝑖𝑙) 𝑛𝑖𝑙 𝑥1

_ 𝑐𝑜𝑛𝑠(_, _) 𝑥2

_ _ 𝑥3



Pattern Matching Compilation [Le Fassant 
and Maranget 2001, Maranget 2008]
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match l1, l2 with
| [_], _ -> x1
| _, _ :: _ -> x2 
| _, _ -> x3

𝑐𝑜𝑛𝑠(_, 𝑛𝑖𝑙) 𝑛𝑖𝑙 𝑥1

_ 𝑐𝑜𝑛𝑠(_, _) 𝑥2

_ _ 𝑥3

𝐷 𝑃 =
𝑐𝑜𝑛𝑠(_, _) 𝑥2

_ 𝑥3

𝐷(𝑃) : rest of match, assuming the first term matches no constructor in 
column



Pattern Matching Compilation Algorithm
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match t1 with
| c1 (vs1) -> compile (vs1 ++ ts, S(c1, P))
| ...
| cn (vsn) -> compile (vsn ++ ts, S(cn, P))
| _ -> compile (ts, D(P))

compile(ts, P)
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Pattern Matching Compilation Algorithm

13

match t1 with
| c1 (vs1) -> compile (vs1 ++ ts, S(c1, P))
| ...
| cn (vsn) -> compile (vsn ++ ts, S(cn, P))
| _ -> compile (ts, D(P))

compile(ts, P)Nest terms in 
defined orderEach 

constructor 
in first 

column

Default 
case if 

missing 
constructor



Preprocessing
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match l with
| x -> e

match l with
| _ -> let x = l in e

match l with
| p as x -> e

match l with
| p -> let x = l in e

match l1, l2 with
| (p1 | p2), p3 -> e

match l1, l2 with
| p1, p3 -> e
| p2, p3 -> e



An Optimization
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match [x] with
| [y] -> z
| _ -> a

z

match (t1, t2) with
| (p1, p2) -> x1
| (p3, p4) -> x2

match t1, t2 with
| p1, p2 -> x1
| p3, p4 -> x2



Properties of Pattern Matching Compilation

• Termination
• Semantic Correctness
• Exhaustiveness Checking
• Robustness

16



1. Termination

17

match t1 with
| c1 (vs1) -> compile (vs1 ++ ts, S(c1, P))
| ...
| cn (vsn) -> compile (vsn ++ ts, S(cn, P))
| _ -> compile (ts, D(P))



1. Termination
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match t1 with
| c1 (vs1) -> compile (vs1 ++ ts, S(c1, P))
| ...
| cn (vsn) -> compile (vsn ++ ts, S(cn, P))
| _ -> compile (ts, D(P))

Recurse on decompositions, 
not subterms!



1. Termination
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match l1, l2 with
| (p1 | p2), p3 -> e

match l1, l2 with
| p1, p3 -> e
| p2, p3 -> e



1. Termination
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match l1, l2 with
| (p1 | p2), p3 -> e

match l1, l2 with
| p1, p3 -> e
| p2, p3 -> e

𝑃 = 1 + 𝑝1 + 𝑝2 + |𝑝3| 𝑃 = 𝑝1 + 𝑝2 + 2|𝑝3|



1. Termination

18

match l1, l2 with
| (p1 | p2), p3 -> e

match l1, l2 with
| p1, p3 -> e
| p2, p3 -> e

Matrix becomes larger in 
presence of “or” patterns!

𝑃 = 1 + 𝑝1 + 𝑝2 + |𝑝3| 𝑃 = 𝑝1 + 𝑝2 + 2|𝑝3|



1. Termination

19

𝑛𝑖𝑙 𝑛𝑖𝑙 𝑥1

𝑐𝑜𝑛𝑠(_, 𝑛𝑖𝑙) 𝑛𝑖𝑙 𝑥2

_ _ 𝑥3

𝑛𝑖𝑙 𝑐𝑜𝑛𝑠(_, _) 𝑥4

𝑆 𝑐𝑜𝑛𝑠, 𝑃 =
_ 𝑛𝑖𝑙 𝑛𝑖𝑙 𝑥2

_ _ _ 𝑥3



1. Termination

19

𝑛𝑖𝑙 𝑛𝑖𝑙 𝑥1

𝑐𝑜𝑛𝑠(_, 𝑛𝑖𝑙) 𝑛𝑖𝑙 𝑥2

_ _ 𝑥3

𝑛𝑖𝑙 𝑐𝑜𝑛𝑠(_, _) 𝑥4

𝑆 𝑐𝑜𝑛𝑠, 𝑃 =
_ 𝑛𝑖𝑙 𝑛𝑖𝑙 𝑥2

_ _ _ 𝑥3

S matrix adds k wildcards for k-argument constructor
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1. Termination

20

𝐸𝑀 𝑃 𝑏 𝑃 +1

Size of fully-expanded matrix 𝑏 𝑃 : number of rows × 
max arguments to any 
constructors in matrix 

Constructor adds 
additional 𝑏 𝑃 + 1 fuel 

• Expansion (𝐸𝑀(𝑃)) and 𝑏(𝑃) change throughout 
algorithm → need monotonicity results

• Prove S and D matrices decrease under |𝐸𝑀|
• Results: prove any similar algorithm terminates



2. Semantics

If 𝑐𝑜𝑚𝑝𝑖𝑙𝑒 𝑃, 𝑡𝑠 = 𝑆𝑜𝑚𝑒 𝑡, then 𝑡𝑠 𝑣, 𝑃
𝑣

= 𝑆𝑜𝑚𝑒 𝑡 𝑣

21

If compile succeeds, original match also succeeds and is semantically 
equivalent to compiled term
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2. Semantics

If 𝑐𝑜𝑚𝑝𝑖𝑙𝑒 𝑃, 𝑡𝑠 = 𝑆𝑜𝑚𝑒 𝑡, then 𝑡𝑠 𝑣, 𝑃
𝑣

= 𝑆𝑜𝑚𝑒 𝑡 𝑣

21

Semantics of matching matrix P against 
term list ts

If compile succeeds, original match also succeeds and is semantically 
equivalent to compiled term

Semantics of compiled term



Detour: Why3 Semantics
• Hilbert-style (denotational) semantics

22

𝑔1 ∧ 𝑔2 𝐼,𝑣 = 𝑔1 𝐼,𝑣 ∧ 𝑔2 𝐼,𝑣

Why3 “and” Meta-logic (Rocq) “and”

• Recursive structures (types, functions) impose conditions on 
interpretations

Interpretation of type, function, predicate symbols Valuation of type and term variables



Why3Sem: Algebraic Data Types

1. Constructors are injective: if 𝑐 𝑡1 = 𝑐 𝑡2 , then 𝑡1 = 𝑡2

2. Constructors are disjoint: if 𝑐1 𝑡1 = [𝑐2](𝑡2), then 𝑐1 = 𝑐2

3. There is a (computable) function 𝒇𝒊𝒏𝒅 that gives the constructor 
𝑐 and arguments 𝑡 for any element 𝑥 of ADT type such that 

𝑥 = [𝑐](𝑡)

4. A generalized induction principle holds

Pattern matching: describe new bound variables, use 𝒇𝒊𝒏𝒅 for 
constructors

23



2. Semantics

If 𝑐𝑜𝑚𝑝𝑖𝑙𝑒 𝑃, 𝑡𝑠 = 𝑆𝑜𝑚𝑒 𝑡, then 𝑡𝑠 𝑣, 𝑃
𝑣

= 𝑆𝑜𝑚𝑒 𝑡 𝑣

24

• Purely semantic reasoning – need to reason about ADTs, 𝒇𝒊𝒏𝒅(𝑥), 
interpretation

• Existing proofs in literature – based on syntactic match relation on values
• 𝑐 𝑣1, … , 𝑣𝑛 ≼ 𝑐 𝑝1, … , 𝑝𝑛   ∀𝑖, 𝑣𝑖  ≼ 𝑝𝑖

• Different than our setting: match semantics depends on interpretation!
• Idea: prove semantics of S, D, simplification, and compiled match



3. Exhaustiveness Checking

Corollary of semantic correctness:

 If 𝑡𝑠 𝑣, 𝑃
𝑣

= 𝑁𝑜𝑛𝑒, then 𝑐𝑜𝑚𝑝𝑖𝑙𝑒 𝑃, 𝑡𝑠 = 𝑁𝑜𝑛𝑒

• If no row in matrix matches terms, compile correctly reports “non-
exhaustive”

• Augment Why3Sem type system with exhaustiveness check 
requiring 𝑐𝑜𝑚𝑝𝑖𝑙𝑒 to be 𝑆𝑜𝑚𝑒

• Other direction proved for cbv and lazy eval [Maranget 2007], 
interpretations make this tricky

25



4. Robustness

• Exhaustiveness check succeeds under reasonable changes to 
types, terms, patterns, etc

• E.g. substitution, alpha-conversion, rewriting, etc
• Problem: constructor optimization!

26



4. Robustness

27

match [1] with 
| [x] → x 
end

H: [1] = y

rewrite ← H



4. Robustness

27

match [1] with 
| [x] → x 
end

H: [1] = y

rewrite ← H

Please report:
Transformation rewrite <- l_eq failed:

Uncaught: File … : 
  Pattern not covered by a match:

    Nil



4. Robustness

• Found and reported bug to Why3 developers
How to fix?
• Cannot remove constructor optimization – need for tuples
• Create new version without optimization, use for exhaustiveness 

check, use old for compilation
• Prove new version satisfies robustness property
• Prove new version strictly stronger

28



ADT Axiomatization

1. Make types and constructors abstract
2. Introduce new abstract functions (projections, selectors, 

indexers) with axioms
3. Compile and eliminate pattern matching in all terms and 

formulas

29



30

(∗ Projections ∗) 
function cons_proj_1 : list 'a → 'a 
function cons_proj_2 : list 'a → list 'a 
axiom cons_proj_1_def: ∀ u1 u2. cons_proj_1 (Cons u1 u2) = u1 
axiom cons_proj_2_def: ∀ u1 u2. cons_proj_2 (Cons u1 u2) = u2 

(∗ Selector ∗) 
function match_list : list 'a → 'b → 'b → 'b 
axiom match_list_cons: ∀ z1 z2 u1 u2. match_list (Cons u1 u2) z1 z2 = z1 
axiom match_list_nil: ∀ z1 z2. match_list Nil z1 z2 = z2 

(∗ Indexer ∗) 
function index_list : list 'a → int 
axiom index_list_cons: ∀ u1 u2. index_list (Cons u1 u2) = 0 
axiom index_list_nil: index_list Nil = 1 

(∗ Disjointness ∗) 
axiom cons_nil: ∀ u1 u2. Cons u1 u2 <> Nil 
(∗ Inversion ∗) 
axiom list_inversion: ∀ u. u = Cons (cons_proj_1 u) (cons_proj_2 u) ∨ u = Nil



Eliminating Pattern Matching

• Axiomatized by selectors or represented as formula

• Method (and proof) relies on simple patterns and results about 
shape of 𝑐𝑜𝑚𝑝𝑖𝑙𝑒

31

match t with
| c(a) -> f
...

(∀𝑎, 𝑡 = 𝑐 𝑎 → 𝑓)  ∧  … 

(∃𝑎, 𝑡 = 𝑐 𝑎 ∧ 𝑓)  ∨  … 

𝑚𝑎𝑡𝑐ℎ_𝑙𝑖𝑠𝑡(𝑡, 𝑓, … )



Putting It All Together

• Define new context with new types and function symbols
• Construct interpretation for all added symbols
• Prove axioms satisfied by interpretation
• Prove pattern matching elimination preserves semantics

• Note: patterns in hypotheses and goals - one direction not enough!

• Prove everything well-typed (tricky!)
• Result: sound first-order axiomatization of ADTs

32



Related Work

• Lots of work on pattern matching compilation, as we have seen
• Very little work on verified compilation

• CakeML handles only simple patterns
• MetaRocq (and CertiCoq) assumes patterns simple

• Sniper [Blot et al 2021; Blot et al 2023]: SMTCoq extension which 
turns Rocq goals into first-order formulas
• Certifying: generates theorems and proof tactic scripts to validate

• IVLs without ADTs (e.g. Boogie, Viper) have certifying 
implementations

33



Conclusion

• Pattern match compilation is complicated!
• First formally verified sophisticated pattern matching compiler 

and first-order ADT axiomatization 
• Key step in enabling verified verification tools (e.g. IVLs)
• Many of our results are more broadly applicable

• Termination results for pattern matching compiler
• Compiler general (e.g. allows any “return” type)
• Could refactor proofs to remove dependence on Why3Sem
• Other first-order axiomatizations of ADTs

• Thanks for listening!

34
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Give interpretations for new function symbols in Rocq:

Definition indexer_interp {m a} (al: arg_list ...):=
(*Cast head of al to [adt_rep]*)
let x := indexer_args_eq a al ... in
(*Use find function*)
let (c1, _) := find_constr_rep m a x in
(*Find index of c1 in a's constructor list*)
dom_cast ... (Z.of_nat (index c1 (adt_constr_list a))). 

Prove axioms satisfied by this interpretation

Method applied to Why3’s axiomatization, but could easily 
be extended to others (e.g. Dafny)
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