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de Bruijn syntax

Definition 33 (Syntax for CBPV).

Values
Computations

V
M

varx| thunk M
A.M|  appMV|  forceV|
seqMM| pseqMMM| letV.inM

retV |
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Definition 33 (Syntax for CBPV).

Values V := varx|
Computations M := A.M|  appMV| retV |

seqMM| pseqMMM| letV.inM
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Definition 33 (Syntax for CBPV).

Values V := varx| thunkM
Computations M := A.M| m force V|
seqMM| pseqMMM| letV.inM

retV |
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Definition 33 (Syntax for CBPV).

Values
Computations

V
M

varx| thunk M
AM|  appMV forceV |

seqMM | @ letV.inM

retV |
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Definition 33 (Syntax for CBPV).

Values
Computations

V
M

varx| thunk M
AM|  appMV forceV |

seqMM | @ letV.inM

pseg m2 ml1l n =seqm2 (seq mln)

retV |

70



X
X

TGS

THE UNIVERSITY OF
MELBOURNE

Definition 34. (Substitution function)

(A.m),
(appm o),
(retv),,
(seqmn),

(pseq my mq 1)),

A, (mit

app (my,) (v1,)
ret (v!))

seq (m;,) (n;!

pseq (mZL) (mlf,;) (ﬂi?Lz)

i
u
i

u [

1

thunk m)u

forcev),,

var x)
var x)

P e e e

letv.inm);,

= u(ifx=i

varx (if x # i)
thunk (m!)

force (')

let (¢,).in (m';1)
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m || m’ m? | m’
Am || A.m retv | retv force (thunk m) | m’ (letv.inm) | m’
0 / 0 /
m{ An n, I n m | retv n, | n
appmov | n’ seqmn | n’

1
my { retoy my | retvs (ng])v2 I n

pseqmamin || n

FIGURE 4.3: Big-Step Semantics for CBPV

72



Yy
N J

)
TR
THE UNIVERSITY OF
MELBOURNE

m || m’ m |} m'
Am || A.m retv | retv force (thunk m) | m’ (letv.inm) | m’
0 / 0 /
m{ An n, I n m | retv n, | n
appmov | n seqmn | n’

1
my { retoy my | retvs (ng])v2 I n

pseqmamin || n

FIGURE 4.3: Big-Step Semantics for CBPV

73



Y

RS
THE UNIVERSITY OF
MELBOURNE

CBPV

m || m’ m |} m'
Am || A.m retv | retv force (thunk m) | m’ (letv.inm) | m’
0 / 0 /
m{ An n, I n m | retv n, | n
appmov | n seqmn | n’

1
my { retvy my | retvs (ng])v2 I n

pseqmamin || n

FIGURE 4.3: Big-Step Semantics for CBPV

74



ol
&9

S
i 9
~~

THE UNIVERSITY OF
MELBOURNE

CBPV

m Jbam’

Am g A.m retv |y retv force (thunk m) ., m'
md |, m mi, An  ndl.n ml, reev nd Y, n
v k k] * v kz kl (4 kz
letv.inm |, m' appmv Yy g 1 seqmn Yy gy q 1
1
mMq ‘U’k1 ret 11 mo .Uk2 ret vy (ngl)vz ‘U'k3 n'

!
pseqmamyin Yy ip, iksi1 M

FIGURE 4.4: Big-Step Semantics for CBPV with Time Cost
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m hm
Am g A.m retv |y retv force (thunk m) @z

0 0
md |, m' ml An  nyly,n’ mly reto ny Y n

. / ! !
letv.inm {; , m appmv by o 1 seqmn Yy g1 N

1
mMq l@ ret 11 mo U@ ret vy (ngl)vz J’@n’
pseqmy min ,-
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Aom YAl A reto |17l reto
m @m’ mg ‘U‘S m:’
force (thunk m) Umax(s'”m”"'z} m' let . inm ,Uma"(sf o)l +lmll+1) 4,7
m |t An nd 2 m |t retv n® |2
app M v J'Lmax(sl-i-uﬂu-i-l,sz) n' seqmn U'max{s1+||n||+1,sz) '
1
my {1 reto; my %2 retov, (1!1:5_,’;,1)&,2 U n

pseq iy M1 1 U,max(51+||m2||+||”||+1:max(||vl||+52+||n||+1,53}) m

FIGURE 4.5: Big-Step Semantics for CBPV with Space Cost
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Aom YAl A reto |17l reto
m @m’ mg ‘U‘S m:’
force (thunk m) m" let v.inm ,Uma"(sf||f’||+\|m|\+1) m'
m |t An nd 2 m |t retv n® |2
appm?uv J'Lmaxfsl"‘H"H‘i‘l:Sz) n’ seqmn vU'l.'ﬂa}i{sl'|‘||I'il||‘|‘1,,5:g) ﬂ!
s s 041 s /
mqy ! reto, my 1°2 retv, (13,),, 42 n
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FIGURE 4.5: Big-Step Semantics for CBPV with Space Cost
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Definition 39 (Compilation Function for Substitution Machine).

(var x)
7 (thunk m)

7 (force )

v(retv)
r(A.m)
y(appm v)
y(seqm n)
v(pseqmymyn)
(let v.inm)

varT x

thunkT :: (m) ++[endThunkT ]

v (v) +[forceT |

retT :: y(v) ++[endRetT |

lamT :: y(m) +-[endLamT |

y(m) +(v) +[applyT ]

v(m) ++[seqT | ++ v(n) ++[endSeqT |

¥(m1) + y(mz) +[pseqT | ++y(n) +[endPseqT |
¥(v) ++[letinT | 44 y(m) ++[endLetinT |
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Definition 40 (Compilation Function for Heap Machine).

(var x) = varlx
v (thunk m) = thunkT :: (m) ++[endThunkT |
v (force v) = v(v) +H[forceT |

(retv) =q(0) Hret T[>
Y(A.m) = lamT :: 7y(m) +[endLamT ]

(appm ) = 7(m)+y(v) +[applyT]

(seqmn) = (m) +H[seqT |+ y(n) ++[endSeqT |
v(pseqmymyn) = y(my) -+ y(ma) +[pseqT | +(n) ++[endPseqT |
v(letv.inm) = 7(v) +[letinT | ++ v(m) +H-[endLetinT ]
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Substitution Machine

Definition 33 (Syntax for CBPV).

Values V := varx| thunkM
Computations M := A.M|  appMV| forceV|
seqMM| pseqMMM| letV.inM

retV |
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Definition 33 (Syntax for CBPV).

Values V := varx| thunkM
Computations M := A.M|  appMV| forceV| retV|
seqMM| pseqMMM| letV.inM

Example Transition Rule for Substitution Machine - Variable

(varTn=P)=T
> Py T

Vv
varTn:V
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Substitution Machine

Definition 33 (Syntax for CBPV).

Values V := varx| thunkM
Computations M := A.M|  appMV| forceV| retV|
seqMM| pseqMMM| letV.inM

Example Transition Rule for Substitution Machine - Variable

(varTn=P)=T

%4
> Py T

varTn:V

Lemma 45 (Substitution Machine Time Simulation). If m |, n, then there

exists k' such that (Py,[]) > ([], P.) where k' < 3xk+ 1 and Py, > m and
P, > n.

Lemma 46 (Substitution Machine Space Simulation). If m {° n then there

exists o such that (Ppy,[]) > ([|, Pn) , wheres < 0 < 9xs and Py, > m and
P, > n.
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Substitution Machine

Definition 33 (Syntax for CBPV).

Values V := varx| thunkM

Computations M := A.M|  appMV| forceV| retV|

seqMM| pseqMMM| letV.inM

Example Transition Rule for Substitution Machine - Variable

(varTn=P)=T V‘
> Py T varTn:V

Lemma 45 (Substitution Machine Time Simulation). If m |, n, then there

exists k' such that (P, []) > ([], Pa) wh > m and

P, > n.

Lemma 46 (Substitution Machine Space Simulation). If m {° n then there

exists o such that (P, []) % ([], P.) , wm > m and

P, > n.
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Heap Machine

Definition 33 (Syntax for CBPV).

Values V := varx| thunkM
Computations M := A.M|  appMV| forceV| retV|
seqMM| pseqMMM| letV.inM

Example Transition Rule for Substitution Machine - Application

(applyT ::P, a) =T | Q::(lamT :: M ++[endLamT |, b) :: V ’ H ‘ put H{Q, b} = (H',¢)
> (M, c):(P,a):T V| H
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Definition 33 (Syntax for CBPV).

Values V := varx| thunkM
Computations M := A.M|  appMV| forceV|
seqMM| pseqMMM| letV.inM

Example Transition Rule for Substitution Machine - Variable

retV |

(varTx::P,a):T
> (P,a):T

H
H

lookupHax =g
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Heap Machine

Definition 33 (Syntax for CBPV).

Values V := varx| thunkM
Computations M := A.M|  appMV| forceV| retV|
seqMM| pseqMMM| letV.inM

Example Transition Rule for Substitution Machine - Variable

(varTx::P,a):T
> (P,a):T g

1’4

Vv

H
H

lookupHax =g

Lemma 55 (Heap Machine Time Simulation). Ifm |, n then there exists k' such
that ((Pm, 0),[],[]) >p ([], (Pn, a), H), where k' < 7%k +5 and (Py, 0) > m

and (P,, a) >y n.

Lemma 56 (Heap Machine Space Simulation). If (P, [],[]) >, (T, N, H) and
Py > mthen |[T+H N+ H| < (k+1) %« (3xk+4x|m]|).
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Definition 33 (Syntax for CBPV).

Values V := varx| thunkM
Computations M := A.M|  appMV| forceV| retV|
seqMM| pseqMMM| letV.inM

Example Transition Rule for Substitution Machine - Variable

(varTx::P,a):T V| H |lookupHax=g
> (P,a):T g2V | H

Lemma 55 (Heap Machine Time Simulation). Ifm |, n then there exists k' such

that ((Pm, 0),[1,[]) by (1], (Pa, a), H), Where k' < 7k +5 andPy, 0) > m

and (P,, a) >y n.

Lemma 56 (Heap Machine Space Simulation). If (P, [],[]) >, (T, N, H) and

Py 3> m thend{ T+ N ++ H|| < (k+1) x 3%k + 4 [m]).—>
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i#8 Turing Machine Simulating CBPV

Task Stack | Value Stack | Assumption

(varTn:P):T v
> Py T varTn:V

(thunkT =P) =T V|eP=(M,Q)
> Qu T thunkT :: M ++[endThunkT | :: V

(forceT =:P)::T (thunkT :=:K) =V | oK = (M, [])
> (M+P) g T 1%

(lamT =P) =T V|eP=(M,Q)
> Qe T (lamT :: M ++[endLamT ) :: V

(applyT ::P):: T Q::(lamT :: M ++[endLamT]) = V
> M% (P iy T) \%

(retT ::P)=:T V| eP=(UQ)
> Quy T (retT U ++[endRetT]) = V

(seqT ::P) =T (retT = U ++[endRetT]) =V | 9P = (N, Q)
> NY:u(Quy T) \%4

(pseqT =:P) =T (retT :: Up ++[endRetT]) ::(retT :: Uy +H-[endRetT]):: V | 9P = (N, Q)

1

> (N?h)uz 2(Q e T) %4

(letinT ::P) =T K:V | P =(M,Q)
> M%::(Q e T) 74

FIGURE 4.6: Transition Rules for the Substitution Machine 111



@ Turing Machine Simulating CBPV

Task Stack Value Stack | Assumption

P V]

varTn:V M_l

(thunkT =P) =T V|eP=(M,Q)

> Qu T thunkT :: M ++[endThunkT | :: V
(forceT =:P)::T (thunkT :=:K) =V | oK = (M, [])

> (M+P) g T 1%
(lamT =P) =T V|eP=(M,Q)

> Qe T (lamT :: M ++[endLamT ) :: V

(applyT ::P):: T Q::(lamT :: M ++[endLamT]) = V

> M% (P iy T) \%
(retT ::P)=:T V|eP=(UDQ)

> Qu T (retT :: U +[endRetT]) = V
(seqT ::P) =T (retT :: U ++[endRetT]) =V | P = (N, Q)

> NY:u(Quy T) Vv
(pseqT =:P) =T (retT :: Us ++[endRetT |) ::(retT :: Uy ++[endRetT]) =V | 9P = (N, Q)

1

> (Nﬂl)uz 2(Q e T) \%
(letinT ::P) =T K:V|¢P=(M,Q)

> MY:(Qu T) 14
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™ B V]
@ varTn:V M_l
TP):T VT = )
e T thunkT :: M ++[endThunkT | :: V. M 2

(forceT =:P)::T (thunkT :=:K) =V | oK = (M, [])
> (M+P) g T 1%

(lamT =P) =T V|eP=(M,Q)
> Qe T (lamT :: M ++[endLamT ) :: V

(applyT ::P):: T Q::(lamT :: M ++[endLamT]) = V
> M% (P iy T) \%

(retT =P):T eP = (U,Q)
> Qu T (retT :: U ++[endRetT]) ::

(seqT ::P) =T (retT :: U ++[endRetT]) ::

> NY:u(Quy T)

(pseqT ::P) T (retT ::Up ++[endRetT]) ::(retT :: Uy ++[endRetT]) ::
1
> (Nﬂl)uz 2(Q e T)

<< <9< |=<
)
-
I
Z
B

(letinT ::P) =T K:
> M%::(Q e T)

<<
]
e

I
S
)
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(forceT =:P)::T (thunkT :=:K) =V | oK = (M, [])
> (M+P) g T eoe 174 M_
(lamT =P) =T V|eP=(M,Q)
> Qe T (lamT :: M ++[endLamT ) :: V
(applyT ::P):: T Q::(lamT :: M ++[endLamT]) = V
> M% (P iy T) \%
(retT =P):T eP = (U,Q)
> Qu T (retT :: U ++[endRetT]) ::
(seqT ::P) =T (retT :: U ++[endRetT]) ::

> NY:u(Quy T)

(pseqT ::P) T (retT ::Up ++[endRetT]) ::(retT :: Uy ++[endRetT]) ::
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Turing Machine Simulating CBPV

Task Stack | Value Stack | Asstmption

(varTn#):T v
> P varTn:V

(thunkT =P) =T V|eP=(M,Q)
> Qu T thunkT :: M ++[endThunkT | :: V

(forceT =:P)::T (thunkT = K) =V | K =
> (M+P) g T 1%

(lamT =P) =T V|eP=(M,Q)
> Qe T (lamT :: M ++[endLamT ) :: V > Sub 8 t

(applyT ::P):: T Q::(lamT :: M ++[endLamT]) = V
> M% (P iy T) \%

(retT ::P)=:T V|eP=(UDQ)
> Qu T (retT :: U +[endRetT]) = V

(seqT ::P) =T (retT :: U ++[endRetT]) =V | P = (N, Q)
> NY:u(Quy T) Vv

seqT =P)u:T (retT :: Up ++[endRetT]) ::(retT :: Uy ++[endRetT]):: V | 9P =

> ( o ! 2(Q e T) \%

(letinT }‘\ K:V | P =4, Q)
> MY:(Qu T) I
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@i Turing Machine Simulating CBPV

Task Stack | Value Stack | Heap | Assumptien__
(varTx:: P, a):: V| H |loockupHax=g
> (P,a)::T/ ¢g=V| H
(thufkT =P, a) =T V| H |¢P=(M,Q)
> ,ay:T (thunkT :: M ++[endThunkT ], a) =V | H
(forceT :: P, a) =T | (thunkT :: M ++[endThunkT ], b)::V | H
(M, b)::(P,a):T V| H
(lamT :P,a):: T V| H |¢P=(MQ)
> (Q,a):=T (lamT :: M +[endLamT], a) =V | H
(applyT =P, a) =T | Q::(lamT :: M ++[endLamT |, b)::V | H |put H{Q, b} = (H',¢)
> (M, c):=(P,a):T V| H
(retT =P, a) =T (M,b)=V| H
> (P,ayuT (M,b):=V| H
9P = (N,Q)
(seqT =P, a) =T (M, b)=V | H |putH{(M,b),a} =(H,c)
> (N, c):(Q,a)=T V| H
¢P = (N,Q)
put H{{My, b), a} = (Hy,c1)
(pseqT =P, a)=T (Mg, bp) ::(My, by) =V | H | put Hi{(My, b1), a} = (Ha,c2)
N, c)::{Q, a)=T V| H
9P = (M, Q)
(letinT = Pyg) = T K=V | H |putH{K, a} = (Hb)
> (M, b)::(Q, a) V| H
([],a)=T V| H |
> T V] H

FIGURE 4.8: Transition Rules for the Heap Machine
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Alternating simulation strategy: [Forster, Kunze, and Roth 2020]
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s,t,u,v = varn|appst|A.s
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id CBPV Simulating WCBV

Definition 18 (Syntax for WCBV). n is a constant.

s,t,u,v = varn|appst|A.s

Compilation Function:

c(varx) = varx c(A.t) = retthunk A.c(t)
c(apptu) = pseq(c(u)) (c(t)) (app (forcevar0) (var1))
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id CBPV Simulating WCBV

Definition 18 (Syntax for WCBV). n is a constant.

s,t,u,v = varn|appst|A.s

Compilation Function:

c(varx) = varx c(A.t) = retthunk A.c(t)
c(apptu) = pseq(c(u)) (c(t)) (app (forcevar0) (var1))
Theorem 62. For each closed WCBYV term t, we have:
1. If t { u, then there exists k' such that c(t) {,, c(u) and k' <5xk; and

2. Ift ) u, then there exists s' such that c(t) 15 c(u) and s’ < 6 s.
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Definition 18 (Syntax for WCBV). n is a constant.

s,t,u,v = varn|appst|A.s

Compilation Function:

c(varx) = varx c(A.t) = retthunk A.c(t)
c(apptu) = pseq(c(u)) (c(t)) (app (forcevar0) (var1))

Theorem 62. For each closed WCBYV term t, we have:

1. If t | u, then there exists k' such that c(t) {,, c(u) and
2. Ift | u, then there exists s’ such that c(t) 15 c(u) an
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simulates WCBV A-Calculus | simulates
e Adapted from: e Mechanised in this thesis

Forster, Kunze, and Roth (2020).

FIGURE 4.10: Simulation between Turing Machines and CBPV
with intermediate models
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Thank you

Questions?

Formalisation available at:

https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/
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Evaluates first

evaluates first call by value

Evaluates after

substitutes first call by name \

fst(1+2, 1+3)

= fst(3, 1+3)

= fst(3, 4)

=3

Evaluates the function argument
before passing m-into the function

Evaluation
Strategies for

J

Evaluates when needed

lazy

call by need

fst(1+2, 1+3)
1. let x =1+2
y =143
in fst(x, y)
2. let x=1+2
y =1+3
in X
3.letx=3inx
4.3

A-Calculus

fst(1+2, 1+3)

=142

=3

Copying the function argument into the function
body without evaluating it first

weak

strong

reduction
doesn’t

go under
abstraction

reduction
does

go under
abstraction
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fst(1+2, 1+3)
= fst(3, 1+3)
= fst(3, 4)

[ call by value ]\

fst(1+2, 1+3)
=1+2
=3

call by name \
J

fst(1+2, 1+3)
1. let x=1+2
y=1+3
in fst(x, y)
2. letx=1+2
y= 1+3
in X
3.letx=3inx
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