
Zhuo Zoey Chen, Johannes Åman Pohjola, Christine Rizkallah

A Verified Cost Model 
for Call-by-Push-Value 

ITP2025



A Verified Cost Model 
for Call-by-Push-Value 

Zhuo Zoey Chen, Johannes Åman Pohjola, Christine Rizkallah

ITP2025



A Verified Cost Model 
for Call-by-Push-Value 

Zhuo Zoey Chen, Johannes Åman Pohjola, Christine Rizkallah

ITP2025



A Verified Cost Model 
for Call-by-Push-Value 

Zhuo Zoey Chen, Johannes Åman Pohjola, Christine Rizkallah

ITP2025



A Verified Cost Model 
for Call-by-Push-Value 

Zhuo Zoey Chen, Johannes Åman Pohjola, Christine Rizkallah

ITP2025



A Verified Cost Model 
for Call-by-Push-Value 

Zhuo Zoey Chen, Johannes Åman Pohjola, Christine Rizkallah

ITP2025



8

Problem and Motivation



9

Problem and Motivation



10

Problem and Motivation



11

Problem and Motivation



12

Problem and Motivation



13

Problem and Motivation



14

Problem and Motivation



15

Problem and Motivation



A Verified Cost Model 
for Call-by-Push-Value 

Zhuo Zoey Chen, Johannes Åman Pohjola, Christine Rizkallah

ITP2025



17

Formal Verification

HOL4



A Verified Cost Model 
for Call-by-Push-Value 

Zhuo Zoey Chen, Johannes Åman Pohjola, Christine Rizkallah

ITP2025



21

Background – Lambda Calculus



24

Background – Lambda Calculus



25

Background – Lambda Calculus

reduction 
doesn’t
go under 
abstraction

reduction 
does
go under 
abstraction



26

Background – Lambda Calculus

reduction 
doesn’t
go under 
abstraction

reduction 
does
go under 
abstraction



27

Background – Lambda Calculus

reduction 
doesn’t
go under 
abstraction

reduction 
does
go under 
abstraction

Evaluates the 
function argument 
before passing them 
into the function call



28

Background – Lambda Calculus

reduction 
doesn’t
go under 
abstraction

reduction 
does
go under 
abstraction

Evaluates first



29

Background – Lambda Calculus

reduction 
doesn’t
go under 
abstraction

reduction 
does
go under 
abstraction

Copying the 
function 
argument into the 
function body 
without 
evaluating it first

Evaluates first



30

Background – Lambda Calculus

reduction 
doesn’t
go under 
abstraction

reduction 
does
go under 
abstraction

Evaluates first

Evaluates after



31

Background – Lambda Calculus

reduction 
doesn’t
go under 
abstraction

reduction 
does
go under 
abstraction

Evaluates first

Evaluates after

Evaluates when needed



38

Background – Lambda Calculus

reduction 
doesn’t
go under 
abstraction

Need different cost models!

reduction 
does
go under 
abstraction

Evaluates after

Evaluates first

Evaluates when needed



A Verified Cost Model 
for Call-by-Push-Value 

Zhuo Zoey Chen, Johannes Åman Pohjola, Christine Rizkallah

ITP2025



40

Background – CBPV [Levy, 1999]

reduction 
doesn’t
go under 
abstraction

reduction 
does
go under 
abstraction

Evaluates after

Evaluates first

Evaluates when needed



41

Background – CBPV

reduction 
doesn’t
go under 
abstraction

reduction 
does
go under 
abstraction

Evaluates after

Evaluates first

Evaluates when needed

Variant of λ-Calculus



42

Background – CBPV
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doesn’t
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does
go under 
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Evaluates after

Evaluates first

Evaluates when needed

Variant of λ-Calculus

uses the pair “thunk” and “force” to let the 
programmer freely decide when they wish to 
evaluate which evaluation
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pseq m2 m1 n = seq m2 (seq m1 n)
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Heap Machine

Task Stack | Value Stack |   Heap 
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Alternating simulation strategy: [Forster, Kunze, and  Roth 2020]

Turing Machine Simulating CBPV
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A Verified Cost Model for CBPV 



Thank you

Questions?

Formalisation available at: 

https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/

https://drops.dagstuhl.de/entities/artifact/10.4230/artifacts.24718/gotoContentUri/0
https://drops.dagstuhl.de/entities/artifact/10.4230/artifacts.24718/gotoContentUri/0
https://drops.dagstuhl.de/entities/artifact/10.4230/artifacts.24718/gotoContentUri/0
https://drops.dagstuhl.de/entities/artifact/10.4230/artifacts.24718/gotoContentUri/0
https://drops.dagstuhl.de/entities/artifact/10.4230/artifacts.24718/gotoContentUri/0
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reduction 
doesn’t
go under 
abstraction

reduction 
does
go under 
abstraction

fst(1+2, 1+3)

= fst(3, 1+3)
= fst(3, 4)
= 3
Evaluates the function argument 
before passing them into the function 
call

fst(1+2, 1+3)

= 1+2
= 3
Copying the function argument into the function 

body without evaluating it first

fst(1+2, 1+3)

1. let x = 1+2
     y = 1+3
   in fst(x, y)

2. let x = 1+2
     y = 1+3

   in x
3. let x = 3 in x
4. 3

Evaluates first

Evaluates after

Evaluates when needed
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