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Motivation

Formalisation of systems with distributed knowledge and claims.

Modalities can be used to give more context to pieces of knowledge.
When and where a statement is given
Who said or hears or believes the statement
How a statement is communicated.

Intuitionistic logics are inherently constructive and adaptable to computer
formalisation following the proofs as types paradigm.
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Decidability and Beyond

In practise, good to decide whether a property is provable:
Tools for completing proofs for logical arguments.

Checking consequences of assumptions, and dependencies of
conclusions.
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Decidability and Beyond

In practise, good to decide whether a property is provable:
Tools for completing proofs for logical arguments.

Checking consequences of assumptions, and dependencies of
conclusions.

There is a difference between decidable and runnable.
Standard arguments for decidability have exponential blow-up.

Organizing data structures to facilitate quick proof step searches has
many benefits.
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Overview

Decidability of multimodal K logics
by adapting Pfennings Cut elimination proof

Forward search technique
using analytic cuts
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Multimodal K
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Axiom K and Necessity
Suppose given a set of formulas F closed under a set of unary operations
called modalities M.

We write A, ..., A, F B to mean: given a sequence of assumptions A, ..., A,
we can prove the conclusion B.

General rule for modalities satisfying Axiom K and N:
Ai,...,A B
MAL,..., MA, - MB

Axiom K is the n > 2 case.
Necessity is the n = 0 case.
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Additional Modal Axioms

Axiom types:
VAe FMAE A, (M isadomain of true knowledge).
VAec F.MARNA, (N inherits information from M)
VAe FMAFNRA, (N perceives M asR)

= between M and M* (lists over M), where M = N ... N, asserts the axiom
VYA FMAF Ni...N,A.
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Properties

Unrestricitve properties of =:
= is reflexive if for any M, M = M.
= is transitive if M = aN 3 and N = ~ implies M = av8.

September 27, 2025 Public TABLEAUX 2025

= CYBERNETICA



Properties

Unrestricitve properties of =:
= is reflexive if for any M, M = M.
= is transitive if M = aN 3 and N = ~ implies M = av8.

Restrictive properties of = to accommodate decidability:
= is decomposable if VM, N € M there is a finite set (M & N) C M s.t.:

® ForanyRe (Mo N), M= NR.
® For any non-empty a € M* s.t. M = Na, IR € Mo N such that R = a.

Decomposition is terminating if there is a preorder on modalities < s.t.:

® For any M the set {N | V' < M} is finite.
® Forany M and N, and R € (M & N), then R < M.

8 September 27, 2025 Public TABLEAUX 2025 = CYBERNETICA



— Example: [J

The O modality for necessarily true facts:

o DA A,

o DA ODA,
= is the total relation between {00} and {OJ}*.

(OeD)={O}.

Adding other modalities M:

e JAF MOA
(O0eM)={0}, and (M e N)=0forany M,N € M
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Example: Awareness

We equip M with a reflexive and transitive relation < expressing awareness.

The statement M<N means M is aware of all knowledge in N, which is
asserted with the axiom NA+ MNA.

N = aN holds when each modality in eV is aware of the next one.

Note that this is reflexive and transitive.
We define (M & N) = {M} if N<M, and otherwise (M & N') = 0.
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Decidability
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Modal Weakening

Suppose contexts I and A are given by sets of formulas.
We write I' C A if for any formula A € T':

A€ A, or
A= MB, and N'B € A for some N such that N = M.

The resulting calculus should admit a structural weakening property:

If I C A then any proof of I = A gives a proof of A - A of the same shape.
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Modal Shift

Given context I and modality M, we define the modal shift of ' by M as the
context:

MM ={AINAET,N= M}U{RA|NAET,Rc(NoM)}

If I C A, then M~ITC M71A.
If M = N then M~IT C NIT.
Suppose T € M o N, then M~ C T-1(NII)
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Intuitionistic Modal Logic

Formulas of the logic are inductively generated according to the following
rules, with a ranging over some set of basic formulas.

AB:=a|AANB|AVB|A=B|MA|T|L

Provability follows standard intuitionistic derivation rules for sequents, plus:

Ai,... A B M= N ... N,
MAL, . MAFMB  MAFN:.. . N,A
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Gentzen’s sequent calculus adaptation

Standard (note, contraction and commutativity are structural):

Mak 2VeN e (TR) rLr AUH
r-A TFB rAAB,A B+ C
r'CFAAB (/\R) NMAABEC (/\L)

A '+B NAVB,AFC NMAVB,BF-C
I'l—A\/B(Vm) I'I—A\/B(\/Rz) NAVBEC (\/L)
MNAFB (:>R) NA=BFA F,A:>B,B|—C(:>L)
r'FA= B NMA=BFC

Additions:
rMAAFB M= MITEA
’ ’ ModL " (Mod
rMAFB ( ) FFMA( )

15 September 27, 2025 Public TABLEAUX 2025 = CYBERNETICA



Properties Overview

Identity theorem: For every A € IF, and I we can prove I, A+ A.

Extending the subformula relation with <, creating < on formulas.

Subformula property: Any formula used in a proof of a sequent sis a
subformula of a formula in s,

hence the sequent calculus is decidable.

The sequent calculus admits cuts, so provability is equivalent to provability in
the aforementioned intuitionistic multimodal K logic.
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Cut Elimination

Adapting Pfenning’s cut elimination proof [1]: Suppose D = 2=D» and

E = E2En we construct a proof F = F.=E«, by mutual induction on A, D and E.

Example, New case 3: By example, supposing N "1(MA)) = RA, A

D1 El
o= A O e N MAE
“Trama Mod) FMA-NE  (Mod)
D}
RIYNTINFA (d1) E;
. - (Mod) — (e1)
D/ N-ITFRA N-IT,RA A+ B
N-ITHA (d) N-ITAF B (IH-E)
N-IT-B (IH-A)
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Forward Proof Search
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Proof Search Bottlenecks

There is a large practical gap between decidable and runnable.

In what order should we unfold formulas in the context?

19

MAVBA-C _ TLAVB,B-C MA=B-A  [LA=B,B-C M-ITEA
F,AVBFC (VL) FASBrC (=L) tFAiA (Mod)

We change to a top-down approach, accumulating relevant true sequents.
The inverse method can be applied to the sequent calculus.

We attempt further optimization by changing the calculus to deal with
computationally cumbersome derivation rules, like VL and Mod.
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Forward Proof Search

We start with two sets of formulas:
A set of questions or goals ?A we are interested in proving.

A set of answers or assumptions !A we can use.

The forward proof search proceeds in two phases:
Initiation phase: We recursively generate basic sequents for proving goals,
and using assumptions, whilst adding more subformulas to ?A and !A.
Accumulation phase: We use further derivation techniques to find more
provable sequents, centered around the analytic cut rule.
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Modal Sequents

Modal multi-consequent sequents:
lig T'IFA and O | MIFA,

the latter representing A® = M (AT = V A)
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Modal Sequents

Modal multi-consequent sequents:
lig T'IFA and O | MIFA,
the latter representing A® = M (AT = V A)

Suppose Vv : (MU {id}) x (MU {id}) — Pxn(M U {id}) s.t. MVN forms a
(terminating) basis of modalities {R | M = R,N = R}. The cut-rule is then:

O yMLAFA & |yT'FAA  ReMIN
O, | TUTIF AU A
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Forward Search Rules

Initiation:
T 1L 7A
FT 1IFA
I(AA B) ?(AA B)
AANBIFA AANBIFB 1A 'B A BIFAAB 7A B
I(AV B) ?2(AV B)
AV BIFAB 1A B AlFAVB BIFAVB 7A B
(A= B) (A= B)

AA= BIF B 7A B BlFA=B 1A B

Accumulation:
S |mTMLAIFA ®’ \NF’H—A/,A R € MIYN

U g TUTIFAUA!
d|mTMAFA=B v IFA TMA N=>MorN =id
d|mTFA=B ¢ - MA
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— Example Search
(1d) (1d)

OA AO(0A= B),0A— BFOA DAADDASB) DA BBFE ©
OA,A,O(0A= B),0A= BF B =

DA, A, O(0A = B),0A= B OB (mog)
0A,0(0A = B) - 008 (Mod)
DA gl A DA = B (DA = B) [olF DA = B
{
DA |gl- DA DA= B,OAIF B O(0A = B) |- O(0A = B)

(DA,D(DA = B) g+ B

0B 0A,0(0A = B) - OB
+
QDA, O(0A = B) g OB
008 5 0A, (DA = B) I O0B]
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Final Remarks
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Haskell Implementation

25

B{a} ((<b>=><c>))
B{a} ((B{a}(<c>)=><d>))

(B{a} (<b>)=>B{a}(<d>))

September 27, 2025

Lambda B{al}(<b>)
| Lock B{a}

| >| Apply

| | Key [B{a}]

| | < Use B{a}((B{a}(<c>)=><d>))
| | Lock B{a}

| > | >| Apply
| |

| |

| |

| |

> | > | Key [B{a},B{a}]
>| | >| | <<| Use B{a}((<b>=><c>))
>| | > | Key [B{a},B{a}]
> | >| | <<| Use B{a}(<b>)
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-~ Visualization Attempt

(A>B)

(A>C)

&0
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Logic Extensions

Add Consistency axioms M1 = 1:

; ity i . MIEL
1. For decidability, include the rule: =%

2. For forward proof search, assert ?ML, ?1,and ML IF L.

Add Unitality axioms of the form X = MX:

1. For decidability, add I to M~1T.
2. For forward proof search, let Al MA whenever ? MA.

27 September 27, 2025 Public TABLEAUX 2025

= CYBERNETICA



Further Work

To create countermodels via formulating Kripke worlds based on sets of
assumptions. See [2] for countermodels in related multimodal logics.

To export generated proofs to modal dependent type theory [3].
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The End

Time for questions
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