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Obstacle 1: NoUniversal Language

Poll: Raise your hand if you have used

Rocq or Lean, Isabelle{/HOL} or HOL{4, -Light}, ACL2,Mizar, Agda, Abella,…

• Notmany people are proficient in multiple systems

• Different logics, proof styles, tactics, solvers,…

• Hard to do interactivity in a system agnostic way
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Obstacle 1: NoUniversal File System

Poll: Raise your hand if you have used

NTFS (Windows), apfs (macOS), ext4 (Linux), NFS, Dropbox, Google Drive, IPFS, …

• Not many people are proficient in multiple file systems

• Different system calls, libraries, naming conventions, …

• Hard to do interactivity in a system agnostic way?



Obstacle 2: HumanComputer Interfaces

• Traditional computer: { , }

• Mobile computer: { , }
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Obstacle 3: The Irresistible Allure of Black Boxes
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Summary: Obstacles to Universality in ITP

1 Toomany languages

2 Too few interactionmodes

3 Toomany black boxes
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Profound

https://dub.sh/profound

https://dub.sh/profound


Outline

1 Level 1: contextual reasoning

2 Level 2: proof by linking

3 Level 3: quantification

4 Level 4: hierarchical detail

5 Future work
• Dealing with dependent types
• Bidirectional communication with existing systems



Level 1: Contextual Reasoning



Level 1: The Calculus of Structures (CoS)
• Observation: connectives are functors

• If𝐴 ⊢ 𝐵 then (𝐴 ∧ 𝐹) ⊢ (𝐵 ∧ 𝐹)
• If𝐴 ⊢ 𝐵 then (𝐵 ⇒ 𝐹) ⊢ (𝐴 ⇒ 𝐹)

• CoSmakes use of this functoriality
• Inference rules can operate in formula contexts:

𝐴
𝐵 −−→ 𝒞{𝐴}

𝒞{𝐵}
• Contexts: (∗ ∈ {∧, ∨})

𝒞{ } ∶∶= { } ∣ 𝐴 ∗ 𝒞{ } ∣ 𝒞{ } ∗ 𝐵 ∣ 𝐴 ⇒ 𝒞{ } ∣ 𝒜{ } ⇒ 𝐵
𝒜{ } ∶∶= 𝐴 ∗ 𝒜{ } ∣ 𝒜{ } ∗ 𝐵 ∣ 𝐴 ⇒ 𝒜{ } ∣ 𝒞{ } ⇒ 𝐵

• 𝒞{𝐴} and𝒜{𝐴} replace the unique { } in𝒞{ } or𝒜{ }with𝐴.
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Calculus of Structures: Summary

• Linear sequence of formulas in a derivation—
no branching!

• A formula is derivable if there is a CoS
derivation from a trivial theorem such as⊤.

• Completeness: every true formula is
derivable

• “Subformula” property: in
𝒞{𝐴}
𝒞{𝐵},

𝐴 built from immediate subformulas of𝐵

⊤ ∧ ⊤ ∧ ⊤ ∧ ⊤
⊤ ∧ 𝑎 ⇒ 𝑎 ∧ ⊤ ∧ ⊤

𝑎 ⇒ (⊤ ∧ 𝑎 ∧ ⊤ ∧ ⊤)
𝑎 ⇒ (⊤ ∧ 𝑎 ∧ ⊤ ∧ ⊤)

𝑎 ⇒ (𝑎 ⇒ 𝑎 ∧ 𝑎 ∧ ⊤ ∧ ⊤)
𝑎 ⇒ 𝑎 ⇒ (𝑎 ∧ 𝑎 ∧ ⊤ ∧ ⊤)
𝑎 ⇒ 𝑎 ⇒ (𝑎 ∧ 𝑎 ∧ ⊤ ∧ ⊤)

𝑎 ⇒ (𝑎 ∧ 𝑎 ∧ ⊤ ∧ ⊤)
𝑎 ⇒ (𝑎 ∧ 𝑎 ∧ ⊤ ∧ 𝑐 ⇒ 𝑐)
𝑎 ⇒ (𝑎 ⇒ 𝑎 ⇒ ⊤ ⇒ 𝑐) ⇒ 𝑐
(𝑎 ⇒ 𝑎 ⇒ ⊤ ⇒ 𝑐) ⇒ 𝑎 ⇒ 𝑐
(𝑎 ⇒ 𝑎 ⇒ ⊤ ⇒ 𝑐) ⇒ 𝑎 ⇒ 𝑐

(𝑎 ⇒ 𝑎 ⇒ 𝑏 ⇒ 𝑏 ⇒ 𝑐) ⇒ 𝑎 ⇒ 𝑐
(𝑎 ⇒ 𝑎 ⇒ (𝑏 ⇒ 𝑐) ∧ 𝑏) ⇒ 𝑎 ⇒ 𝑐
(𝑎 ⇒ (𝑎 ⇒ 𝑏 ⇒ 𝑐) ∧ 𝑏) ⇒ 𝑎 ⇒ 𝑐
(𝑎 ⇒ 𝑏 ⇒ 𝑐) ∧ (𝑎 ⇒ 𝑏) ⇒ 𝑎 ⇒ 𝑐
(𝑎 ⇒ 𝑏 ⇒ 𝑐) ⇒ (𝑎 ⇒ 𝑏) ⇒ 𝑎 ⇒ 𝑐
(𝑎 ⇒ 𝑏 ⇒ 𝑐) ⇒ (𝑎 ⇒ 𝑏) ⇒ 𝑎 ⇒ 𝑐



CoS: Logical Rules in a Positive Context
Analogous to sequent calculus

• Initial:
𝒞{⊤}

𝒞{𝑎 ⇒ 𝑎}

• Conjunctions:
𝒞{(𝐴 ⇒ 𝐵) ∧ 𝐶}
𝒞{𝐴 ⇒ (𝐵 ∧ 𝐶)}

𝒞{𝐵 ∧ (𝐴 ⇒ 𝐶)}
𝒞{𝐴 ⇒ (𝐵 ∧ 𝐶)}

𝒞{𝐴 ⇒ (𝐵 ⇒ 𝐶)}
𝒞{(𝐴 ∧ 𝐵) ⇒ 𝐶}

𝒞{𝐵 ⇒ (𝐴 ⇒ 𝐶)}
𝒞{(𝐴 ∧ 𝐵) ⇒ 𝐶}

• Implications:
𝒞{𝐴 ∧ 𝐵 ⇒ 𝐶}

𝒞{𝐴 ⇒ (𝐵 ⇒ 𝐶)}
𝒞{𝐵 ⇒ (𝐴 ⇒ 𝐶)}
𝒞{𝐴 ⇒ (𝐵 ⇒ 𝐶)}

𝒞{𝐴 ∧ (𝐵 ⇒ 𝐶)}
𝒞{(𝐴 ⇒ 𝐵) ⇒ 𝐶}



CoS: Logical Rules in a Positive Context (contd.)
Analogous to sequent calculus

• Disjunctions:
𝒞{𝐴 ⇒ 𝐵}

𝒞{𝐴 ⇒ (𝐵 ∨ 𝐶)}
𝒞{𝐴 ⇒ 𝐶}

𝒞{𝐴 ⇒ (𝐵 ∨ 𝐶)}
𝒞{(𝐴 ⇒ 𝐶) ∧ (𝐵 ⇒ 𝐶)}

𝒞{(𝐴 ∨ 𝐵) ⇒ 𝐶}



CoS: Composition Rules in aNegative Context
No shallow analogue

• Conjunctions:
𝒜{𝐴 ∧ 𝐵}

𝒜{𝐴 ∧ (𝐵 ∧ 𝐶)}
𝒜{𝐴 ∧ 𝐶}

𝒜{𝐴 ∧ (𝐵 ∧ 𝐶)}
𝒜{𝐴 ∧ 𝐶}

𝒜{(𝐴 ∧ 𝐵) ∧ 𝐶}
𝒜{𝐵 ∧ 𝐶}

𝒜{(𝐴 ∧ 𝐵) ∧ 𝐶}

• Disjunctions:
𝒜{(𝐴 ∧ 𝐵) ∨ (𝐴 ∧ 𝐶)}

𝒜{𝐴 ∧ (𝐵 ∨ 𝐶)}
𝒜{(𝐴 ∧ 𝐶) ∨ (𝐵 ∧ 𝐶)}

𝒜{(𝐴 ∨ 𝐵) ∧ 𝐶}

• Implications:
𝒜{(𝐴 ⇒ 𝐵) ⇒ 𝐶}
𝒜{𝐴 ∧ (𝐵 ⇒ 𝐶)}

𝒜{𝐵 ⇒ (𝐴 ∧ 𝐶)}
𝒜{𝐴 ∧ (𝐵 ⇒ 𝐶)}



Example: S-Combinator

https://dub.sh/profound
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CoS:Miscellaneous

• Units and Simplification:

𝒞{⊤}
𝒞{𝐴 ⇒ ⊤}

𝒞{𝐵}
𝒞{⊤ ⇒ 𝐵}

𝒞{⊤}
𝒞{⊥ ⇒ 𝐵}

𝒞{𝐴}
𝒞{⊤ ∧ 𝐴}

𝒞{𝐴}
𝒞{𝐴 ∧ ⊤}

𝒜{𝐴}
𝒜{⊥ ∨ 𝐴}

𝒜{𝐴}
𝒜{𝐴 ∨ ⊥}

𝒜{⊥}
𝒜{⊥ ∧ 𝐴}

𝒜{⊥}
𝒜{𝐴 ∧ ⊥}

𝒞{⊤}
𝒞{⊤ ∨ 𝐴}

𝒞{⊤}
𝒞{𝐴 ∨ ⊤}

• Contraction, Cut:

𝒞{𝐴 ⇒ 𝐴 ⇒ 𝐶}
𝒞{𝐴 ⇒ 𝐶}

𝒞{𝐴 ∧ (𝐴 ⇒ 𝐶)}
𝒞{𝐶}



CoS:Meta-Theorems

Soundness

If

𝐴....
𝐶 then in𝐴 ⊢ 𝐶 is provable.

Completeness

If𝐴1, … , 𝐴𝑛 ⊢ 𝐶 is provable, then:

⊤....
𝐴1 ⇒ ⋯ ⇒ 𝐴𝑛 ⇒ 𝐶.



Interlude: Exporting CoS to Other Systems
Case of Rocq

• Challenge: Given a CoS derivation

𝐴....
𝐶, fill in the details of:

Goal A -> C. (* A, C : Prop. *)
Proof. (* insert proof here *) Qed.

• Twomain styles:
• Shallow embedding: translate CoS proof rules to Rocq tacticals.
• Deep embedding: represent the CoS proof as a Rocq data structure,
and prove (as ameta-theorem in Rocq) it has a sound reflection function.
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Interlude: ShallowEmbedding of CoSRules
• Translating the rule instance

𝒞{𝐴}
𝒞{𝐶} requires:

• Showing the entailment𝐴 ⊢ 𝐶, and
• Transporting the entailment to𝒞{}.

• Transport combinators:

Theorem and_l {A B C : Prop} : (A -> B) -> ((A /\ C) -> (B /\ C)).
Theorem imp_r {A B C : Prop} : (A -> B) -> ((C -> A) -> (C -> B)).

Check (imp_r (and_l _)).
(* imp_r (and_l ?y) : (?C1 -> ?A /\ ?C2) -> (?C1 -> ?B /\ ?C2)

where ?y : [ |- ?A -> ?B] *)

• Rules:

Theorem g_imp_and_l {A B C : Prop} : (A -> B) /\ C -> (A -> B /\ C).

Check (imp_r (and_l g_imp_and_l)).
(* imp_r (and_l g_imp_and_l)

: (?C -> ((?A -> ?B) /\ ?D) /\ ?E) -> ?C -> (?A -> ?B /\ ?D) /\ ?E *)
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Interlude: ShallowEmbedding of CoSRules
Final assembly

Theorem imp_r {A B C : Prop} : (A -> B) -> (C -> A) -> (C -> B).
Theorem g_imp_and_l {A B C : Prop} : (A -> B) /\ C -> (A -> B /\ C).
Theorem g_imp_imp_r {A B C : Prop} : (B -> A -> C) -> (A -> B -> C).
Theorem g_init {A : Prop} : True -> (A -> A).
Theorem s_imp_true {A : Prop} : True -> (A -> True).

Goal forall (A B : Prop), A -> B -> A.
Proof.

intros A B.
refine (g_imp_imp_r _). (* B -> A -> A *)
refine (imp_r g_init _). (* B -> True *)
refine (s_imp_true _). (* True *)
constructor.

Qed.



Level 2: Linking



Level 2: Linking

• CoS rules aremore verbose than even sequent rules

• Goal: use the freedom of CoS and avoid the tedium
• Linking:

• Each link joins two unrelated subformulas
• The user indicates the ends of the link
• The system figures out how to resolve the link
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Linking: Indicating andResolving

(𝑎 ⇒ 𝑎 ⇒ 𝑐) ⇒ 𝑎 ⇒ 𝑐
(𝑎 ⇒ 𝑎 ⇒ ⊤ ⇒ 𝑐) ⇒ 𝑎 ⇒ 𝑐

(𝑎 ⇒ 𝑎 ⇒ (𝑏 ⇒ 𝑏) ⇒ 𝑐) ⇒ 𝑎 ⇒ 𝑐
(𝑎 ⇒ 𝑎 ⇒ (𝑏 ⇒ 𝑐) ∧ 𝑏) ⇒ 𝑎 ⇒ 𝑐
(𝑎 ⇒ (𝑎 ⇒ 𝑏 ⇒ 𝑐) ∧ 𝑏) ⇒ 𝑎 ⇒ 𝑐
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(𝑎 ⇒ 𝑎 ⇒ (𝑏 ⇒ 𝑐) ∧ 𝑏) ⇒ 𝑎 ⇒ 𝑐
(𝑎 ⇒ (𝑎 ⇒ 𝑏 ⇒ 𝑐) ∧ 𝑏) ⇒ 𝑎 ⇒ 𝑐
(𝑎 ⇒ 𝑏 ⇒ 𝑐) ∧ (𝑎 ⇒ 𝑏) ⇒ 𝑎 ⇒ 𝑐
(𝑎 ⇒ 𝑏 ⇒ 𝑐) ⇒ (𝑎 ⇒ 𝑏) ⇒ 𝑎 ⇒ 𝑐
(𝑎 ⇒ 𝑏 ⇒ 𝑐) ⇒ (𝑎 ⇒ 𝑏) ⇒ 𝑎 ⇒ 𝑐



Linking: Indicating

• A linked formula has one of the following two shapes:

𝒞0{𝒞1{𝐴} ⇒ 𝒞2{𝐵}} or 𝒜0{𝒞1{𝐴} ∧ 𝒞2{𝐵}}

• Link inititation can bewritten as inference rules:

𝒞0{𝒞1{𝐴} ⇒ 𝒞2{𝐵}}
𝒞0{𝒞1{𝐴} ⇒ 𝒞2{𝐵}}

𝒜0{𝒞1{𝐴} ∧ 𝒞2{𝐵}}
𝒜0{𝒞1{𝐴} ∧ 𝒞2{𝐵}}
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Linking: Link Resolution

• Create variants of the CoS rules that operate on linked formulas

• In each case the link is shorter in the premise

• Some cases:

𝒞0{(𝒞1{𝐴} ⇒ 𝒞2{𝐵}) ∧ 𝐶}
𝒞0{𝒞1{𝐴} ⇒ 𝒞2{𝐵} ∧ 𝐶}

𝒞0{𝐴 ∧ (𝒞1{𝐵} ⇒ 𝒞2{𝐶})}
𝒞0{(𝐴 ⇒ 𝒞1{𝐵}) ⇒ 𝒞2{𝐶}}

𝒜0{(𝒞1{𝐴} ⇒ 𝒞2{𝐵}) ⇒ 𝐶}
𝒜0{𝒞1{𝐴} ∧ (𝒞2{𝐵} ⇒ 𝐶)}



Link Resolution: Choices

𝒞0{𝐵 ⇒ 𝒞1{𝐴} ⇒ (𝒞2{𝐶} ∧ 𝐷)}
𝒞0{(𝒞1{𝐴} ∧ 𝐵) ⇒ (𝒞2{𝐶} ∧ 𝐷)} or
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𝒞0{(𝒞1{𝐴} ∧ 𝐵) ⇒ (𝒞2{𝐶} ∧ 𝐷)} ?

• Most of the time there is a reasonable choice
• One of the rules is invertible, in which case do it first
• If both rules are invertible, the choice does not matter
• If both rules are non-invertible and in positively signed contexts, the choice turns
out not tomatter

• There are critical pairs for negatively signed contexts, i.e., compositions

𝒜{(𝐴 ⇒ (𝐵 ∧ 𝐶)) ∨ 𝐷}
𝒜{((𝐴 ⇒ 𝐵) ∧ 𝐶) ∨ 𝐷}
𝒜{(𝐴 ⇒ 𝐵) ∧ (𝐶 ∨ 𝐷)} vs

𝒜{𝐴 ⇒ ((𝐵 ∧ 𝐶) ∨ 𝐷)}
𝒜{𝐴 ⇒ (𝐵 ∧ (𝐶 ∨ 𝐷))}
𝒜{(𝐴 ⇒ 𝐵) ∧ (𝐶 ∨ 𝐷)}
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Link Resolution: Directional Links

• The situation is evenmore complicated with quantifiers

• Use the order of links to determine the nesting order

𝒞0{𝒞1{𝐴} ⇒ 𝒞2{𝐵}} or 𝒜0{𝒞1{𝐴} ∧ 𝒞2{𝐵}}

• Intuition is to insert the source into the destination

𝒞0{𝒞2{𝒞1{𝐴 ⇒ 𝐵}}}
....

𝒞0{𝒞2{𝒞1{𝐴} ⇒ 𝐵}}
....

𝒞0{𝒞1{𝐴} ⇒ 𝒞2{𝐵}}



Link Resolution: Directional Links

𝒜{(𝐴 ⇒ (𝐵 ∧ 𝐶)) ∨ 𝐷}
𝒜{((𝐴 ⇒ 𝐵) ∧ 𝐶) ∨ 𝐷}
𝒜{(𝐴 ⇒ 𝐵) ∧ (𝐶 ∨ 𝐷)} vs

𝒜{𝐴 ⇒ ((𝐵 ∧ 𝐶) ∨ 𝐷)}
𝒜{𝐴 ⇒ (𝐵 ∧ (𝐶 ∨ 𝐷))}
𝒜{(𝐴 ⇒ 𝐵) ∧ (𝐶 ∨ 𝐷)}



Link Resolution: Finishing

• When a link has length 0, it can be removed

𝒞{⊤}
𝒞{𝐴 ⇒ 𝐴}

𝒞{𝐴 ⇒ 𝐵}
𝒞{𝐴 ⇒ 𝐵}

𝒜{𝐴 ∧ 𝐵}
𝒜{𝐴 ∧ 𝐵} (𝐴 ≠ 𝐵)

• The formula can be simplified with respect to⊤.

𝒞{𝐴}
𝒞{𝐴 ∧ ⊤}

𝒞{⊤}
𝒞{𝐴 ⇒ ⊤} etc.



Profound

https://dub.sh/profound

https://dub.sh/profound


Level 3: First-Order



Level 3: First-Order Quantification

• It is common to see quantification done carelessly:

𝐴, 𝐵, … ∶∶= ⋯ ∣ ∀𝑥. 𝐴 ∣ ∃𝑥. 𝐴
𝒞{ } ∶∶= ⋯ ∣ ∀𝑥. 𝒞{ } ∣ ∃𝑥. 𝒞{ }
𝒜{ } ∶∶= ⋯ ∣ ∀𝑥. 𝒜{ } ∣ ∃𝑥. 𝒜{ }

• Problem: 𝒞{𝐴} interpreted as capturing the free variables of𝐴
• Problematic to implement, formalize themeta-theory, export
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• Problem: 𝒞{𝐴} interpreted as capturing the free variables of𝐴
• Problematic to implement, formalize themeta-theory, export



First-Order Quantification

• Alternative: raising

𝒞Γ,𝑥{ } ∶∶= ⋯ ∣ ∀𝑥. 𝒞Γ{ } ∣ ∃𝑥. 𝒞Γ{ }
𝒜Γ,𝑥{ } ∶∶= ⋯ ∣ ∀𝑥. 𝒜Γ{ } ∣ ∃𝑥. 𝒜Γ{ }

• Intuition: ifΓ ⊢ 𝐴 ∶ prop then𝒞Γ{𝐴} is well-formed:

∀𝑢. 𝒞Γ,𝑥{𝐴} = ∀𝑢. 𝒞Γ{[𝑢/𝑥]𝐴}



Interlude: Representing Contexts
In Rocq

Inductive cx : list Type -> Type :=
| Hole : cx nil
| C_AndL Ts : cx Ts -> Prop -> cx Ts
| C_AndR Ts : Prop -> cx Ts -> cx Ts
| C_OrL Ts : cx Ts -> Prop -> cx Ts
| C_OrR Ts : Prop -> cx Ts -> cx Ts
| C_ImpL Ts : ax Ts -> Prop -> cx Ts
| C_ImpR Ts : Prop -> cx Ts -> cx Ts
| C_AllD A Ts : (A -> cx Ts) -> cx (A :: Ts)
| C_ExD A Ts : (A -> cx Ts) -> cx (A :: Ts).

and ax : list Type -> Type := ...



Interlude: Representing Raised Formulas
In Rocq

Fixpoint raise (Ts : list Type) (U : Type) : Type :=
match Ts with
| nil => U
| A :: Ts => A -> raise Ts U
end.

Notation ”Ts ▷ U” := (raise Ts U).

Fixpoint cx_place Ts (cx : cx Ts) : (Ts ▷ Prop) -> Prop :=
match cx with
| Hole => fun p => p
| AndL _ cx q => fun p => cx{{ p }} /\ q
| ...
| AllD A _ cx => fun p => forall (x : A), (cx x){{ p x }}
| ExD A _ cx => fun p => exists (x : A), (cx x){{ p x }}
end

where ”Cx {{ P }}” := (@cx_place _ Cx P).



Interlude: Representing Raised Formulas
In Rocq

Fixpoint raise (Ts : list Type) (U : Type) : Type :=
match Ts with
| nil => U
| A :: Ts => A -> raise Ts U
end.

Notation ”Ts ▷ U” := (raise Ts U).

Fixpoint cx_place Ts (cx : cx Ts) : (Ts ▷ Prop) -> Prop :=
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| Hole => fun p => p
| AndL _ cx q => fun p => cx{{ p }} /\ q
| ...
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where ”Cx {{ P }}” := (@cx_place _ Cx P).



Interlude: Building Raised Formulas
In Rocq

Fixpoint raised_and (Ts : list Type)
: (Ts ▷ Prop) -> (Ts ▷ Prop) -> (Ts ▷ Prop) :=

match Ts with
| nil => (fun p q => p /\ q)
| A :: Ts => (fun (p q : A -> (Ts ▷ Prop)) (x : A) =>

raised_and Ts (p x) (q x))
end.

Notation ”f ∧ g” := (raised_and _ f g).

Fixpoint raised_forall (A : Type) (Ts : list Type)
: (A -> (Ts ▷ Prop)) -> (Ts ▷ Prop) :=

match Ts with
| nil => (fun p => forall (x : A), p x)
| B :: Ts => (fun p (x : B) =>

raised_forall A Ts (fun u => p u x))
end.

Notation ”∀ x .. y , p” :=
(raised_forall _ _ (fun x => .. (raised_forall_all _ _ (fun y => p)) ..))
(x binder).
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(x binder).



Linking: Quantifier Rules
• Extrusion:

𝒞0{∀𝑥. (𝒞1{𝐴} ⇒ 𝒞2{𝐵})}
𝒞0{𝒞1{𝐴} ⇒ ∀𝑥. 𝒞2{𝐵}}

𝒜0{∀𝑥. (𝒞1{𝐴} ∧ 𝒞2{𝐵})}
𝒜0{𝒞1{𝐴} ∧ ∀𝑥. 𝒞2{𝐵}}

etc.

• Instantiation:

𝒞{[𝑡/𝑥]𝐴}
𝒞{∃𝑥. 𝐴}

𝒜{[𝑡/𝑥]𝐴}
𝒜{∀𝑥. 𝐴}

• Simplification:

𝒞{⊤}
𝒞{∀𝑥. ⊤}
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Linking: Predicates

• Initial:

𝒞{𝑠1 ≐ 𝑡1 ∧ ⋯ ∧ 𝑠𝑛 ≐ 𝑡𝑛}
𝒞{a 𝑠1 ⋯ 𝑠𝑛 ⇒ a 𝑡1 ⋯ 𝑡𝑛}

• Equality simplification:

𝒞{𝑠1 ≐ 𝑡1 ∧ ⋯ ∧ 𝑠𝑛 ≐ 𝑡𝑛}
𝒞{f 𝑠1 ⋯ 𝑠𝑛 ≐ f 𝑡1 ⋯ 𝑡𝑛}

𝒞{⊤}
𝒞{𝑠 ≐ 𝑠}

• Rewriting:

𝒞{𝐴{𝑡}}
𝒞{𝑠 ≐ 𝑡 ⇒ 𝐴{𝑠}}

𝒞{𝐴{𝑠}}
𝒞{𝑠 ≐ 𝑡 ⇒ 𝐴{𝑡}}
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Linking: InstantiationHeuristics

• Guess instances:

𝒞{∀𝑥. 𝒞1{𝑥 ≐ 𝑡} ⇒ [𝑡/𝑥]𝐴}
𝒞{∀𝑥. 𝒞1{𝑥 ≐ 𝑡} ⇒ 𝐴}

𝒞{∃𝑥. 𝒞1{𝑥 ≐ 𝑡} ∧ [𝑡/𝑥]𝐴}
𝒞{∃𝑥. 𝒞1{𝑥 ≐ 𝑡} ∧ 𝐴}

• Other approaches are possible
• Unification
• Theory reasoning
• Issue: export to other provers
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• Other approaches are possible
• Unification
• Theory reasoning
• Issue: export to other provers



Level 4: ClutterManagement





OpenDeduction

• We actually use open deduction instead of CoS

• Combined syntax for formulas, sequents, and proofs

𝒟 ∶∶= 𝐴 ∣ 𝒟1 ∗ 𝒟2 ∣ 𝒟1
𝒟2

∣
𝒟1

𝒟2

• Contexts are suitably generalized as well



OpenDeduction as aHierarchy

-stuff- ⇒

-stuff2- ∧
⊤

𝑡 𝑥 𝑦 ⇒ 𝑡 𝑥 𝑦
....

(∀𝑥 𝑦. 𝑡 𝑥 𝑦 ∨ 𝑡 𝑦 𝑥) ⇒ (∀𝑥 𝑦. 𝑎 𝑥 𝑦 ⇒ 𝑡 𝑥 𝑦)

(∀𝑥 𝑦. 𝑡 𝑥 𝑦 ∨ 𝑡 𝑦 𝑥) ⇒ -stuff- ⇒ (∀𝑥 𝑦. 𝑎 𝑥 𝑦 ⇒ 𝑡 𝑥 𝑦)
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Launching and Linking

-stuff- ⇒ 𝐹 ⇒ (∀𝑥 𝑦. 𝑡 𝑥 𝑦 ∨ 𝑡 𝑦 𝑥) ⇒ (∀𝑥 𝑦. 𝑎 𝑥 𝑦 ⇒ 𝑡 𝑥 𝑦)
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Launching, Stopping, and Linking

-stuff- ⇒ 𝐹 ⇒ (∀𝑥 𝑦. 𝑡 𝑥 𝑦 ∨ 𝑡 𝑦 𝑥) ⇒ (∀𝑥 𝑦. 𝑎 𝑥 𝑦 ⇒ 𝑡 𝑥 𝑦)
-stuff- ⇒ 𝐹 ⇒ (∀𝑥 𝑦. 𝑡 𝑥 𝑦 ∨ 𝑡 𝑦 𝑥) ⇒ (∀𝑥 𝑦. 𝑎 𝑥 𝑦 ⇒ 𝑡 𝑥 𝑦)
(∀𝑥 𝑦. 𝑡 𝑥 𝑦 ∨ 𝑡 𝑦 𝑥) ⇒ -stuff- ∧ 𝐹 ⇒ (∀𝑥 𝑦. 𝑎 𝑥 𝑦 ⇒ 𝑡 𝑥 𝑦)



FutureWork



Additional Universal Interactions

• Additional structural operations
• Deep re-organization: splitting
• Refactoring using substitutions

• Dealing with lemmas
• Explicit cuts
• Appealing to previously proved theorems
• Searching for lemmas

• History and persistence
• Forking histories
• Linking to the past
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Linking for Type Theory
Highly speculative

Π𝑥∶i. Π𝑓 ∶(Π𝑢∶i. (⟨𝑥∶i⟩ ⇒ ⟨𝑢∶i⟩) ⇒ b 𝑢).b 𝑥
....

Π𝑥∶i. Π𝑓 ∶(Π𝑢∶i.b 𝑢).b 𝑥



Linking for Type Theory: via Realizability

J𝛼K 𝑀 ≜ ⟨𝑀∶𝛼⟩JΠ𝑥∶𝐴. 𝐵K 𝑀 ≜ ∀𝑥. J𝐴K 𝑥 ⇒ J𝐵K (𝑀 𝑥)
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J𝛼K 𝑀 ≜ ⟨𝑀∶𝛼⟩JΠ𝑥∶𝐴. 𝐵K 𝑀 ≜ ∀𝑥. J𝐴K 𝑥 ⇒ J𝐵K (𝑀 𝑥)

∀𝑥. ∀𝑓 . ∃𝑧. (𝑓 𝑥) ≐ 𝑧 ∧ (b 𝑥) ≐ (b 𝑥)
∀𝑥. ∀𝑓 . ⟨(𝑓 𝑥)∶(b 𝑥)⟩ ⇒ ∃𝑧. ⟨𝑧∶b 𝑥⟩

∀𝑥. ∀𝑓 . ⟨(𝑓 𝑥)∶(b 𝑥)⟩ ⇒ ∃𝑧. ⟨𝑧∶b 𝑥⟩
∀𝑥. ∀𝑓 . (∀𝑢. 𝑥 ≐ 𝑢 ∧ i ≐ i ⇒ ⟨(𝑓 𝑢)∶b𝑢⟩) ⇒ ∃𝑧. ⟨𝑧∶b 𝑥⟩

∀𝑥. ∀𝑓 . (∀𝑢. (⟨𝑥∶i⟩ ⇒ ⟨𝑢∶i⟩) ⇒ ⟨(𝑓 𝑢)∶b𝑢⟩) ⇒ ∃𝑧. ⟨𝑧∶b 𝑥⟩
....

∀𝑥. ⟨𝑥∶i⟩ ⇒ ∀𝑓 . (∀𝑢. ⟨𝑢∶i⟩ ⇒ ⟨(𝑓 𝑢)∶b𝑢⟩) ⇒ ∃𝑧. ⟨𝑧∶b 𝑥⟩



Linking for Type Theory: Future

• Unfortunately, the “realizability interpretation” is unsound

except for canonical terms
• Better alternative: try to do it within type theory itself

• Might need to generalize the syntax of “types”
• Would need to splitΠ into a binder and a type assumption
• The binder would stay put
• The type assumption wouldmove via linking

• Proposed system
• Easy to show completeness
• Hard to prove sound – generalized “type” derivations very hard tomap to ordinary
typing derivations via natural deduction, e.g.
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Definitions andNotations

• Definition unfolding: double click

• Notations: if they are functorial, can be incorporated automatically

• E.g.,¬𝐴 ≜ 𝐴 ⇒ ⊥
• If𝐴 ⊢ 𝐵 then¬𝐵 ⊢ ¬𝐴
• This means¬ has an𝒜{ }-style CoS/linking rule
• Also need to specify what¬⊤ and¬⊥ simplify as

• Sometimes notations are not functorial
• Simple example: 𝐴 ≡ 𝐵 ≜ (𝐴 ⇒ 𝐵) ∧ (𝐵 ⇒ 𝐴)
• 𝐴 ⊢ 𝐵 does not mean𝐴 ≡ 𝐶 ⊢ 𝐵 ≡ 𝐶
• Probably beter here to consider rewrite-stye linking, as with≐
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Induction and Circular Reasoning

• Induction:

• Abella-style sized relations reasonably simple
• Induction invariants in CoS: open problem?

• Circular reasoning:

• Easy: indicating cycles with pointing devices
• Hard: making sense of back edges crossing context boundaries

𝐴 & □
𝜈𝑋. 𝐴 &𝑋

𝜈𝑋. 𝐴 &𝑋
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Bidirectional Communicationwith Verifiers

• Exporting proofs: already covered

• Importing proofs?

• Every shallow proof is (easily converted to) a deep proof
• But: toomany proof languages!

• Related problem: adding a new verifier?

• Dedukti?



Bidirectional Communicationwith Verifiers

• Exporting proofs: already covered
• Importing proofs?

• Every shallow proof is (easily converted to) a deep proof
• But: toomany proof languages!

• Related problem: adding a new verifier?

• Dedukti?



Bidirectional Communicationwith Verifiers

• Exporting proofs: already covered
• Importing proofs?

• Every shallow proof is (easily converted to) a deep proof

• But: toomany proof languages!

• Related problem: adding a new verifier?

• Dedukti?



Bidirectional Communicationwith Verifiers

• Exporting proofs: already covered
• Importing proofs?

• Every shallow proof is (easily converted to) a deep proof
• But: toomany proof languages!

• Related problem: adding a new verifier?

• Dedukti?



Bidirectional Communicationwith Verifiers

• Exporting proofs: already covered
• Importing proofs?

• Every shallow proof is (easily converted to) a deep proof
• But: toomany proof languages!

• Related problem: adding a new verifier?

• Dedukti?



Bidirectional Communicationwith Verifiers

• Exporting proofs: already covered
• Importing proofs?

• Every shallow proof is (easily converted to) a deep proof
• But: toomany proof languages!

• Related problem: adding a new verifier?

• Dedukti?



Conclusion



The Future of Interactive TheoremProving Interfaces?

https://dub.sh/profound/slides
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