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Abstract

Behavioral equivalences were introduced as a simple and elegant proof methodology for establishing whether
the behavior of two processes cannot be distinguished by an external observer. The knowledge of observers
usually depends on the observations that they can make on process behavior. Furthermore, the combination
of nondeterminism and probability in concurrent systems leads to several interpretations of process behavior.
Clearly, different kinds of observations as well as different interpretations lead to different kinds of behavioral
relations, such as (bi)simulations, traces and testing. If we restrict our attention to linear properties only, we
can identify three main approaches to trace and testing semantics: the trace distributions, the trace-by-trace
and the extremal probabilities approaches. In this paper, we propose novel notions of behavioral metrics
that are based on the three classic approaches above, and that can be used to measure the disparities in the
linear behavior of processes with respect to trace and testing semantics. We study the properties of these
metrics, like compositionality (expressed in terms of the non-expansiveness property), and we compare their
expressive powers. More precisely, we compare them also to (bi)simulation metrics, thus obtaining the first
metric linear time - branching time spectrum.

Keywords: trace metric, testing metric, bisimulation metric, nondeterministic probabilistic processes

1. Introduction

A major task in the development of complex systems is to verify whether an implementation of a system
meets its specification. Typically, in the realm of process calculi, implementation and specification are
processes, say I and S, formalized with the same language, and the verification task consists in comparing
their behavior, which can be done at different levels of abstraction, depending on which aspects of the
behavior can be ignored or must be captured. If one focuses on linear properties only, processes are usually
compared on the basis of the traces they can execute, or accordingly to their capacity to pass the same tests.
This was the main idea behind the study of trace equivalence [31] and testing equivalence [16].

If we consider also probabilistic aspects of system behavior, reasoning in terms of qualitative equivalences
is only partially satisfactory. Any tiny variation in the probability weights will break the equivalence on
processes without any further information on the distance of their behaviors. Actually, many implemen-
tations can only approrimate the specification; thus, the verification task requires appropriate instruments
to measure the quality of the approximation. For this reason, we propose to use hemimetrics measuring
the disparities in process behavior with respect to linear semantics also to quantify process verification. We
recall that hemimetrics are asymmetric distances, and in our setting they will assign a real in [0, 1] to each
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pair of processes: distance 0 means that the two processes are indistinguishable with respect to the consid-
ered semantics; distance 1 means that an observation of the first computation step can distinguish them.
Informally, we may see S as a set of minimum requirements on system behavior, such as the lower bounds
on the probabilities to execute given traces or pass given tests. Then, given a hemimetric h expressing trace
(resp. testing) semantics, we can set a tolerance e, related to the application context, and transform the
verification problem into a wverification up-to-g, or e-robustness problem: I is e-trace-robust (resp. e-testing-
robust) with respect to S if whenever S can perform a trace (resp. pass a test) with probability p, then I
can do the same with probability at least p — ¢, namely if h(S,I) < e. Dually, we may see S as an upper
bound to undesired system behavior, and demand that whenever S can perform a trace (resp. pass a test)
with probability p, then I can do the same with probability at most p + €, namely if h(I,S) < e.

The notion of behavioral metric [14, 17, 19, 29, 35 44] becomes then crucial. In the literature, we can find
a wealth of results on the bisimilarity metric [I7, 19, 44], namely the pseudometric measuring the differences
in the behavior of processes accordingly to the bisimulation semantics, but very little has been investigated
on linear semantics, especially on quantitative testing semantics.

Our goal. With this paper we aim at bridging this gap. We consider nondeterministic probabilistic labeled
transition systems (PTS) [40], a very general model in which nondeterminism and probability coexist, and
we discuss the definition of hemimetrics and pseudometrics suitable to measure the differences in process
behavior with respect to trace and testing semantics. We will see that the interplay of probability and
nondeterminism leads to some difficulties in defining notions of behavioral distance, as already experienced
in the case of equivalences [5]. Informally, such distances are based on the comparison of the probabilities of
particular sequences of observations (or events) to occur in the two processes. In the PTS such probabilities
highly depend on nondeterminism. Consequently, different resolutions of nondeterminism give different
probabilities, and thus different distances. Usually, the nondeterministic choices are solved by schedulers
[28, 39, [45] which, roughly, assign to each process s a set of (fully probabilistic) processes, called resolutions
of s, representing each a particular way of solving the nondeterministic choices of s and its derivatives.
As there is not a univocal method of resolving nondeterminism, specially when combined with probability,
schedulers are divided into classes. Therefore, all our distances will be parametric with respect to the
considered class of schedulers. For simplicity, we consider deterministic and randomized schedulers, however
an extension to other types of schedulers seems feasible. We will see, for instance, that a distance will be
more or less discriminating accordingly to whether the choice of the trace, or test, to be analyzed precedes
or follows the choices of the scheduler.

For this reason, to give an immediate perception of the differences in the expressive power of the pro-
posed distances, we compare them to (bi)similarity metric semantics, thus obtaining the first spectrum of
behavioral metrics over processes in the PTS model. Since we consider behavioral metrics for linear and
branching semantics, we refer to our spectrum as to the metric linear time - branching time spectrum.

The composition of the spectrum. For what concerns the branching time part of our spectrum, we
consider bisimulation, ready simulation and simulation semantics [37]. In particular, to mimic the action of
randomized schedulers on linear semantics, we also consider convez (bi)simulations [41] which are evaluated
over combined transitions for processes. Interestingly, we will show that the approximation and composition
properties already established for (bi)similarity metrics hold also for their convex versions. Our contribution
can then be summarized as follows:

1. We formalize the notions of ready similarity and similarity metric.
2. We introduce the notions of convex bisimilarity, ready similarity and similarity metric.

3. We prove that convex (bi)similarity metrics can be equivalently defined as the limit of a sequence of
metrics di comparing only the first £ computation steps of processes.

4. We prove that all the considered branching metrics are compositional, in the sense of non-expansiveness
[19] with respect to parallel composition, i.e., the quantitative analogue to the congruence property
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ensuring that the distance of two composed systems is not greater than the sum of the pairwise
distances of their components.

As regards linear semantics, we consider three approaches to trace semantics, two known from the
literature and a novel one:

(i) The trace distribution approach [39], comparing entire resolutions created by schedulers by checking
if they assign the same probability to the same traces;

(ii) The trace-by-trace approach [2], in which firstly we take a trace and then we check if there are resolutions
for processes assigning the same probability to it;

(iii) The novel supremal probabilities approach, considering for each trace only the suprema of the proba-
bilities assigned to it over all resolutions for the processes.

Similarly, we consider three approaches to testing semantics:
(iv) The may/must approach [406], in which the extremal probabilities of passing a test are considered;

(v) The trace-by-trace approach [5], which is based on a traced view of testing and mimics the trace-by-trace
approach to trace semantics;

(vi) The novel supremal probabilities approach, which can be considered as the adaptation to testing se-
mantics of the supremal probability approach to trace semantics.

For each of these six approaches, and for each class of schedulers, we present a hemimetric and a pseudometric
as the quantitative variant of the related preorder and equivalence in the trace or testing semantics. We
stress that in the latter case, to the best of our knowledge, ours is the first attempt in this direction. Our
results on linear metrics can then be summarized as follows:

5. We prove that, under each hemimetric/pseudometric, the pairs of processes at distance zero are pre-
cisely those related by the corresponding preorder/equivalence.

6. In the case of trace metrics, we prove that the hemimetrics/pseudometrics for trace-by-trace and
supremal probabilities semantics are suitable for compositional reasoning, by showing their non-
expansiveness.

7. In the case of testing metrics, we prove that all hemimetrics and pseudometrics are non-expansive.

Finally, we proceed to the composition of the metric linear time - branching time spectrum by studying
the differences in the expressive powers of all the proposed distances. In particular:

8. We obtain an interesting result in the perspective of an application to process verification: the supre-
mal probabilities semantics defined either on deterministic or randomized schedulers has the same
expressive power as the trace-by-trace semantics on randomized schedulers.

9. Under deterministic schedulers, the supremal probabilities is the only approach to trace semantics that
is comparable with (bi)simulation metrics. Nonetheless, the relation with (bi)simulation semantics is
regained by the other two approaches when randomized schedulers are considered.

10. The must testing metric is comparable with a ‘reversed’ ready similarity metric: the must distance
between s and ¢ is always bounded from above by the ready similarity distance between ¢ and s.

Organization of contents. In Section [2] we review the background. Then, (bi)simulation, trace and
testing metrics are discussed, respectively, in Sections 3] [4 and [}} We dedicate Section [f] to the construction
of the metric linear time - branching time spectrum. Finally, we discuss related and future work in Section [7}

A preliminary version of this paper appeared as [7]. This special issue version comes with the novel
results on convex (bi)simulation metrics and the spectrum in Section [}
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2. Background

In this section we review the preliminary notions on the PTS model that are necessary for our dissertation.

Given an arbitrary set X, a discrete probability distribution over X is a mapping 7: X — [0,1] with
> wex ™(x) = 1. The support of m is the set supp(m) = {z € X | m(z) > 0}. By A(X) we denote the set
of all finitely supported distributions over X, ranged over by 7, 7’,... Given an element z € X, we let &,
denote the Dirac (or point) distribution on x, defined by d,(x) = 1 and d,(y) = 0 for all y # x. For a
finite set of indexes I, weights p; € (0,1] with > . ; p; = 1 and distributions 7; € A(X) with ¢ € I, the
distribution ), ; psm; is defined by (37, ., pimi)(x) = D, c; pi - mi(x), for all x € X.

2.1. The PTS model

PTSs [40] extend classical LTSs [34] to model, at the same time, reactive behavior, nondeterminism and
probability. In a PTS, the state space is given by a set S of processes, ranged over by s,t,..., and the
transition steps take processes to probability distributions over processes.

Definition 1 (PTS, [40]). A nondeterministic probabilistic labelled transition system (PTS) is a triple
(S, A, —), where: (i) S is a countable set of processes, (ii) A is a countable set of actions, and (iii) —C
S x A x A(S) is a transition relation, where each transition (s,a,n) € — is denoted by s - 7.

The a-derivatives of process s € S are the distributions der(s,a) = {7 | s - 7}. We write s — if
der(s,a) # ) and s 4 otherwise. The initials of s are the actions init(s) = {a € A | s %} that can be
performed by s. A PTS is fully nondeterministic if every transition has the form s - ¢, for some t € S. A
PTS is fully probabilistic if at most one transition is enabled for each process. Finally, a PTS is image-finite
[30] if der(s, a) is finite for each s € S and a € A. We consider only image-finite PT'Ss.

A combined transition [4I] is a convex combination of equally labeled transitions, formally defined by
s . 7 if and only if there are a finite set of indexes I, weights p; € (0, 1] with > icr Pi = 1 and distributions

7; € A(S) with i € T such that s - ; for each i € I and m = Y icr Pimi. We let derei(s,a) = {7 | s Lo}

Definition 2 (Parallel composition). Let P = (81,4, —1) and P, = (S2, A, —2) be two PTSs. The
(CSP-like [31]) synchronous parallel composition of Py and Py is the PTS Py || P, = (81 X Sa, A, —), where
(s1,82) — mif and only if 51— 71, 89 ~—>9 T and 7(s), s5) = 1 (s]) - 72(sh) for all (s}, s5) € S; X Sa.

With abuse of notation, the notion of parallel composition can be extended to distributions by letting
(m1 || m2)(s) = m1(s1) - ma(s2), if s = s1 || 82, and (m || m2)(s) = 0, if s is not of the form s = 51 || s2.

2.2. How to express linear semantics

We proceed to recall some notions, mostly from [3H5], necessary to reason on trace and testing semantics.
A computation is a weighted sequence of process-to-process transitions, denoted by —».

Definition 3 (Computation). Let —-+C S x A x [0,1] x S. A computation from sg to s, has the form
ai,p1 az,p2 An,Pn .
ci=8y —» S5 —» ... —» S, where, foralli=1,...,n, there is a transition s;_; — m; with mi(8i) = Pi-

Notice that p; is the execution probability of step s;_1 a:}: ' s; conditioned on the selection of the transition
Si—1 — 7; at s;_1. We denote by Pr(c) = H?Zl p; the product of the execution probabilities of the steps
in ¢. A computation ¢ from s is mazimal if it is not a proper prefix of any other computation from s.
We denote by C(s) (resp. Cimax(s)) the set of computations (resp. maximal computations) from s. For any
C C C(s), we define Pr(C) = > _.. Pr(c) whenever none of the computations in C is a proper prefix of any
of the others.

A trace is a sequence of actions in 4. We denote by A* the set of finite traces in A and we let «, 3, .. .
range over them. We say that a computation is compatible with o € A* if the sequence of actions labeling
the computation steps is equal to a. We denote by C(s, ) C C(s) the set of computations from s that are
compatible with «, and by Cpax (s, @) the set Chpax (s, @) = Cmax(s) N C(s, @).

ceC
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Figure 1: Examples of deterministic and randomized resolutions of process s.

To express linear semantics we need to evaluate and compare the probability of particular sequences of
events to occur. As in PTSs this probability highly depends also on nondeterminism, schedulers [28], [39] 45]
(or adversaries) resolving it become fundamental. They can be classified into two main classes: deterministic
and randomized schedulers [39]. For each process, a deterministic scheduler selects exactly one transition
among the possible ones, or none of them, thus treating all internal nondeterministic choices as distinct.
Randomized schedulers allow for a convex combination of the equally labeled transitions. The resolution
given by a deterministic scheduler is a fully probabilistic process, whereas from randomized schedulers we
get a fully probabilistic process with combined transitions.

Definition 4 (Resolution). Assume a PTS P = (S, 4, —) and a process s € S.
We say that a PTS Z = (Z, A, —z) is a deterministic resolution for s if and only if there is a function
corrz: Z — S with s = corrz(zs), for some z5 € Z, and moreover:

(i) If z %z 7 then corrz(z) 2 7/, with 7(2') = 7/ (corrz(2')) for all 2’ € Z.
(ii) If 2 Lo and 2 2252 7 then a; = ay and 7 = 7.

Conversely, Z is a randomized resolution for s if combined transitions are considered, namely (i) is rewritten
(i) If z %z 7 then corrz(z) 2. 7', with 7(2') = 7' (corrz(2')) for all 2’ € Z.

In both cases, the resolution Z is mazximal if it cannot be further extended in accordance with the graph
structure of P and the constraints above. For x € {det,rand}, we denote by Res*(s) the set of determinis-

tic/randomized resolutions for s and by Res} . (s) the subset of the maximal resolutions in Res™(s).

Ezample 1. Consider process s in Figure[l] Processes z! and 22 are two examples of resolutions of s via a
deterministic scheduler, whereas the resolutions 25! and z%>? are obtained via randomized schedulers. Notice
that z! and 22 are both related to the leftmost a-branch of s: z! does not select any move for process s1,
giving init(z} ) = 0, whereas 22 selects the b-move of s;. 2! is obtained by weighting each a-branch of s by
0.5, and not selecting any move for process s;. Conversely, 252 gives weight 0.3 to the left-most a branch

and 0.7 to the right-most one, and enables both the b-move by s; and the c-move by ss. <

2.3. Behavioral metrics and their compositional properties

Behavioral equivalences answer the question of whether two processes behave precisely the same way or
not with respect to the observations that we can make on them. Behavioral metrics [14l [17), 19, 42] [44]
answer the more general question of measuring the differences in the behavior of processes. Usually, they are
defined as 1-bounded pseudometrics expressing the behavioral distance on processes, namely they quantify
the disparities in the observations that we can make on processes.

A 1-bounded pseudometric on a set X is a function d: X x X — [0,1] such that: (i) d(z,x) = 0,
(ii) d(z,y) = d(y,z), and (iii) d(z,y) < d(z, z) + d(z,y), for all z,y,z € X. Then, d is a hemimetric if it
satisfies ([il) and . The kernel of a (hemi,pseudo)metric d on X consists in the set of the pairs of elements
in X that are at distance 0, namely ker(d) = {(z,y) € X x X | d(z,y) = 0}.

As elsewhere in the literature, we will sometimes use the term metric in place of pseudometric.
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Behavioral metrics are normally parametric with respect to a discount factor allowing us to specify how
much the distance of future transitions is mitigated [15, 19]. Informally, any difference that can be observed
only after a long sequence of computation steps does not have the same impact of the differences that can
be witnessed at the beginning of the computation. We will argue that different approaches to the semantics
will require different technical formalization of the discount.

We conclude this section by recalling the notion of non-expansiveness [19] of a (hemi,pseudo)metric, which
is the quantitative analogous to the (pre)congruence property for behavioral equivalences and preorders.
Informally, a behavioral distance is non-expansive, and thus compositional, if the distance of two composed
systems is not greater than the sum of the pairwise distances of their components. Here we consider also
the stronger notion of strict non-expansiveness [24] that gives tighter bounds on the distance of processes
composed in parallel: the distance between sy || ¢; and s || t2 is bounded by the sum of pairwise distances
on the components minus their product. Intuitively, this allows us to avoid double evaluations of distances.

Definition 5 ((Strict) non-expansiveness, [19, 24]). A (hemi,pseudo)metric d on S is non-expansive if and
only if for all processes s1, $2,t1,t2 € S we have d(sy || s2,t1 || t2) < d(s1,t1) + d(S2,t2). Moreover, d is
strictly non-expansive if d(sy || s2,t1 || t2) < d(s1,t1) + d(s2,t2) — d(s1,t1) - d(s2,t2).

3. (Bi)simulation relations and metrics

In this section we discuss the metrics measuring the disparities in process behavior with respect to
bisimulation semantics. In Section [3.1] we recall first the equivalences and preorders in the classic approach
to probabilistic bisimulation of [37, [40] and their convex counterparts, then we consider the corresponding
distances. We prove that the quantitative analogous to probabilistic ready similarity and similarity, and the
convex (bi)simulation metrics enjoy the strict non-expansiveness property (Theorem [2)), which was already
established for the quantitative analogous to bisimilarity in [24]. In Section we compare the expressive
power of these metrics, thus composing the first part of the spectrum (Theorems [3[ and .

3.1. (Bi)simulation metrics

A probabilistic bisimulation is an equivalence relation over S that equates two processes if they can
mimic each other’s transitions and evolve to distributions that are related, in turn, by the same relation.
To formalize this idea, we need to lift relations over processes to relations over distributions. We rely on the
notion of matching, also referred to in the literature as coupling or weight function.

Definition 6 (Matching). Assume two sets X and Y. A matching for distributions 7 € A(X), 7’ € A(Y)
is a distribution over the product space tv € A(X X Y) with 7w and 7 as left and right marginal, namely:

(i) 2 oyey w(z,y) = m(z), for all z € X, and (i) > ,ex W(z,y) =7'(y), forally € Y.
We let 20(m, 7’) denote the set of all matchings for 7 and 7.

Definition 7 (Relation lifting, [40]). Assume two sets X and Y and a relation R C X x Y. The lifting of
R to a relation RT C A(X) x A(Y) is defined by letting, for any 7 € A(X) and 7’ € A(Y), 7 R «’ if and
only if there is a matching w € 2(mw, ') with £ R y whenever w(z,y) > 0.

Definition 8 (Probabilistic (bi)simulations, [37, [40]). Assume a PTS (S, A, —). Then:

e A binary relation R C S X S is a probabilistic simulation if, whenever s R t:
for each transition s - 7, there is a transition ¢ — m; such that 7, R Try.

e A probabilistic simulation R is a probabilistic ready simulation if, whenever s R t, s —4 implies t —5 .

e A probabilistic bisimulation is a symmetric probabilistic simulation.
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The union of all probabilistic simulations (resp.: ready simulations, bisimulations) is the greatest prob-
abilistic simulation (resp.: ready simulation, bisimulation), is denoted by Cdet (resp.: Cdet, ~det) Hig called
probabilistic similarity (resp.: ready similarity, bisimilarity), and is a preorder (resp.: preorder, equivalence).
If we consider combined transitions, then we get the convex similarity (resp.: convex ready similarity, convex
bisimilarity), denoted by Crnd (resp.: Crand  ~rand)

Bisimulation metrics [T, 19, [44] base on the quantitative analogous to the bisimulation game: two
processes can be at some given distance ¢ < 1 only if they can mimic each other’s transitions and evolve to
distributions that are, in turn, at a distance < e. To formalize this intuition, we need to lift pseudometrics
on processes to pseudometrics on distributions. We rely on the notions of matching and Kantorovich lifting.

Definition 9 (Kantorovich metric, [33]). Given a (hemi,pseudo)metric d on a space X, the Kantorovich
lifting of d is the (hemi,pseudo)metric K(d): A(X) x A(X) — [0, 1] defined for all m, 7’ € A(X) by

/ .
Kd)(m) = min MXG:Xm(%y) d(z,y).

In the bisimulation game, discounting the difference of future transitions requires a discount factor
A € (0,1] such that the distance arising at step n is mitigated by A™. Then, bisimulation metrics (resp.:
ready simulation metrics, simulation metrics) can be defined as the prefixed points of a suitable functional
parametric on A and defined on the complete lattice (D(S), =), with D(S) the set of the 1-bounded pseu-
dometrics over S and dy =< do if and only if di(s,t) < da(s,t) for all s,t € S. For each set D C D(S) the
supremum and infinimum are defined by sup(D)(s,t) = supycp d(s,t) and inf(D)(s,t) = infzep d(s,t) for
all s,t € S. Notice that the bottom element of the lattice is the constant function 0 with 0(s,t) = 0 for all
s,t€S.

Definition 10 ((Bi)simulation metric functional). Assume a discount factor A € (0,1]. The functionals
B R, S*: D(S) — D(S) are defined for all functions d € D(S) and processes s,t € S by

B*(d)(s,t) = sup max{ sup inf X\ -K(d)(mg,m), sup inf M- K(d)(7s, 7Tt)}
ac€A msEder(s,a) TtEder(t,a) mi€der(t,a) Ts€der(s,a)
\ 1 if init(s) # init(¢)
RYd)(s,1) = {sup  sup inf  \-K(d)(rms, ;) otherwise
a€A mi€der(s,a) mi€der(t,a)
S*(d)(s,t) = sup  sup inf  X-K(d)(7s, m)

a€A 7 eder(s,a) TtEder(t,a)
where sup ) = 0 and inf ) = 1.

A pseudometric d € D(S) is a bisimulation metric if it is a prefixed point of B*, where B*(d) < d
ensures that whenever d(s,t) < 1, any transition s 23 7, is mimicked by a transition t = m, with
A K(d)(ms,m) < d(s,t), and vice versa. Then, the ready simulation hemimetrics and the simulation
hemimetrics are hemimetrics being prefixed points of R* and S*, respectively.

Functional B* (resp.: R*, S*) will be denoted B*9¢t (resp.: RMdet SAdet) when we intend to stress that
we do not consider any combined transition derivable from the PTS, and BA 4 (resp.: RArand  gArand)
when, conversely, we intend to stress that we consider all the combined transitions derivable from the PTS.

Definition 11 ((Bi)simulation (hemi)metric). A pseudometric (resp.: hemimetric, hemimetric) d € D(S) is
a bisimulation metric (resp.: ready simulation hemimetric, simulation hemimetric) if and only if BMd¢t(d) <
d (resp.: RV (d) < d, SM9¢t(d) < d). Then, d € D(S) is a convex bisimulation metric (resp.: convex ready
simulation hemimetric, convex simulation hemimetric) if and only if BMa2d(d) < d (resp.: R»™#1d(d) < d,
S)\J‘and(d) = d)

The monotonicity of K and of functions sup, inf ensure that all these functionals are monotone. Therefore,
accordingly to Tarski’s fixed point theorem, they have the least prefixed point.
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Definition 12 ((Bi)similarity (hemi)metric). The least prefixed point of B* et (resp.: RMdet, §hdet) g
denoted by b*det (resp. rhdet) shdety and called the bisimilarity metric (resp.: ready similarity hemimetric,
similarity hemimetric). Analogously, the least prefixed point of BN 14 (resp.: RArand GArand) ig denoted
by bArand (regp, prrandghrand) and called the convex bisimilarity metric (resp.: convex ready similarity
hemimetric, convex similarity hemimetric).

Let F be any of the functionals used in Definitions Tarski’s theorem ensures also that the least
prefixed point of F' coincides with the least fixed point and can be obtained in an iterative fashion, meaning
that there exists an ordinal a with F*(0) = F*T1(0). By exploiting the image-finiteness of PTSs, following,
e.g., |20, [36], we could easily show that BAdet) RAdet  GAdet are Seott continuous, thus inferring that
their closure ordinal is w. Unfortunately, this argument does not apply to BArand RArand - gArand ' gince
combined transitions clearly break image-finiteness. However, by relying on the fact that we consider image-
finite PTSs with finitely supported distributions, we can prove the following result of non-ezpansiveness [43]
for all six functionals, which is a property ensuring that the closure ordinal is w [43] Corollary 1].

Proposition 1. Assume an image finite PTS in which, for each transition s — 7, 7 is a distribution with
finite support. Let F € {B»* R**, S**} for A € (0,1] and x € {det,rand}. Then, given any dy,ds € D(S)
with do < dy, for all s,t € S we have:

F(dy)(s,t) — F(d2)(s,t) < uS};leps(dl (u,v) — da(u,v)).

Proof. The proof can be found in O

As a consequence, we can associate to each of the six distances introduced in Definition a notion of
up-to-k distance, which considers only the discrepancies arising in the first £ computation steps.

Definition 13 (Up-to-k (bi)similarity metric). Let x € {det,rand}. We define the up-to-k bisimilarity
metric bz’x for k € N by bg’x = (BM)*(0). Similarly, the up-to-k ready similarity metric r;’x is defined by
ry” = (RM)¥(0) and the up-to-k similarity metric s, is defined by sy = (S¥*)*(0).

Let F € {BM*, RM* 8**}. Since the chain of up-to-k distances 0 < F(0) < F2(0)... is non-decreasing,
and being w the closure ordinal of F, such a chain converges to the least fixed point.

Proposition 2. Assume an image finite PTS in which, for each transition s — w, m is a distribution with

finite support. Let A € (0,1], x € {det,rand} and d € {b,r,s}. Then d** = limj_, o, dz’x.

Proof. The proof can be found in O
The kernels of the (hemi,pseudo)metrics in Definition [12] are the behavioral relations in Definition

Theorem 1. Let (S, A, —) be a PTS, x € {det,rand} and X € (0,1]. Then:

e The function b»* is a 1-bounded pseudometric on S, with ~% as kernel.

AX s q 1-bounded hemimetric on S, with C¥ as kernel.

o The function r X

Ax 4s a 1-bounded hemimetric on S, with °F as kernel.

e The function s
Proof. The first item was proved in [I7]. The remaining cases can be proved by analogous arguments. [
Moreover, all these distances are compositional, in the sense of strict non-expansiveness.

Theorem 2. Let (S, A,—) be a PTS, x € {det,rand} and X € (0,1]. All functions b»*, r** and s** are
strictly non-expansive.

Proof. The result for b»4¢t is in [24]. The proof of other cases is similar and given in [Appendix A.3 O
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Figure 2: The spectrum of (bi)simulation metrics. An arrow between two distances d — d’ stands for d > d’. We use black
arrows to compare metrics, blue arrows to compare hemimetrics, dashed arrows to compare the same distance with respect to
different classes of schedulers, and red arrows to compare metrics with hemimetrics.
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Figure 3: Processes u, v show the strictness of the relation in Theorem and s, t show the strictness of relations in Theorem

3.2. Comparing the distinguishing power of bisimulation semantics

In this section, we compare the distances in Definition [12| obtaining the spectrum in Figure |2l In detail,
we order the distances with respect to their distinguishing power: we write d > d’' for d,d’ € D(S) if and
only if: (i) d(s,t) > d/(s,t) for all processes s,t € S, and (ii) d(u,v) > d’'(u,v) for some processes u,v € S.

Firstly, we notice that when classic transitions are considered, the three (bi)simulation distances are, in
general, more discriminating with respect to their correspondent ones on combined transitions.

Theorem 3. Let (S, A, —) be a PTS, A € (0,1] and d € {b,r,s}. Then d>rnd < ghdet,

Proof. The proof of the non-strict relations d»r"d < dMdet can be found in [Appendix A.4l Then the
strictness of the relations follows by Example O

Example 2. Consider processes u,v in Figure It is not hard to see that b ¢ (u,v) = rMdet(y, v) =

sMdet(y, v) = X+ 0.5. This is due to the central a-branch of u for which K(s*9)(0.56,, + 0.50,;, 6,,) = 0.5
for i € {1,2}, since v; can simulate only one of processes us and uz. The cases of r™d°t and bMdet are
analogous. However, if we allow v to combine its two a-branches, giving weight 0.5 each, we obtain the
combined transition v %+ 0.58,, + 0.58,,, which clearly matches the central a-branch of u with respect to
(bi)simulation. Moreover, any combined transition of u can be matched by the combined transitions of v
(and vice versa), thus giving bA 14 (y, v) = pMand (y y) = shrand(y y) = 0. <

Next, we fix the type of transitions that are considered, and we compare the three metric semantics.
As one can expect, the distance given by the bisimilarity metric is greater than that given by the ready
similarity metric, which is, in turn, greater than that given by the similarity metric.

Theorem 4. Let (S, A,—) be a PTS, A € (0,1] and x € {det,rand}. Then s** < r** < b *,

Proof. The proof of the non-strict relations A < bM and sM* < rM* is immediate by Definitions
and [I2] Then the strictness of the relations follows by Example O

Example 3. Consider processes s,t in Figure Firstly, we have s**(s,t) = A - 0.1, which is obtained
by comparing the unique a-move for s with the leftmost a-move for ¢. Clearly, we have s**(s1,t;) =
sMX(sg,t1) = sM¥(sg,t2) = 0 and s**(sy,t2) = 1, thus giving K(s**)(0.6d5, + 0.46,, 0.56;, + 0.56;,) = 0.1.
Secondly, by comparing the same transitions, we get r**(s,t) = A -0.6. In fact we have r*(sy,t1) =
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X (s9,11) = 1M*(s1,t9) = 1 and t™*(s2,t2) = 0, thus giving K(r**)(0.66,, + 0.455,, 0.55;, + 0.56;,) = 0.6.
Finally, we show that b»*(s,t) = ), due to the rightmost a-move for ¢. In fact, from analogous calculations
to those used to evaluate r™*(s,t), we get that the bisimulation distance between the a-move for s and
the leftmost a-move for ¢ is A - 0.6. However, we have b**(sq,nil) = b»*(sg,nil) = 1 and thus, when the
rightmost a-move for ¢ is considered we get K(b**)(0.6d,, + 0.485,, dni1) = 1. <

4. Metrics for traces

In this section we define the metrics for trace semantics. We consider three approaches to the combina-
tion of nondeterminism and probability: the trace distribution (Section [4.1)), the trace-by-trace (Section [£.2)
and the supremal probabilities approach (Section , and we study their compositional properties (Theo-
rems [7| and E[) Then, in Section we pursue the composition of our metric spectrum by comparing the
distinguishing power of the trace metrics defined for the three approaches (Theorems and .

4.1. The trace distribution approach

In the seminal work [39], the observable events characterizing the trace semantics are the so called
trace distributions, namely the probability measures over traces that are induced by the resolutions of
nondeterminism for processes. Hence, in this approach, each resolution for a process, and thus the scheduler,
identifies an observable event. Processes s,t € S are then trace distribution equivalent if, for any resolution
for s there is a resolution for ¢ inducing the same trace distribution, meaning that the execution probability
of each trace in the two resolutions is exactly the same, and vice versa.

Definition 14 (Trace distribution equivalence [39]). Let (S,.A, —) be a PTS and x € {det, rand}. Processes
s,t € § are in the trace distribution preorder, written s Ty g ¢, if:

for each resolution Z, € Res*(s) there is a resolution Z; € Res*(t) such that
for each trace o € A*: Pr(C(zs,a)) = Pr(C(z, @)).

Then, s, are trace distribution equivalent, notation s ~m, 4 ¢, if and only if s Ty ;o ¢ and ¢ Ty g5 5.

The quantitative analogue to trace distribution equivalence is based on the evaluation of the differences in
the trace distributions of processes: the distance between processes s,t is at most € > 0 if, for any resolution
for s there is a resolution for ¢ exhibiting a trace distribution differing at most by €. The difference between
trace distributions is computed as the greatest difference of probabilities for each trace a multiplied by
the discount related to «, that is Al*/=1. We can observe that the longer is a trace, the lower will be its
contribution to the distance between two processes.

Definition 15 (Trace distribution metric). Let (S, A, —) be aPTS, A € (0,1] and x € {det, rand}. The trace
distribution hemimetric and the trace distribution metric are the functions h%’rxdis, m%’rxdis: SxS8—10,1]

defined for all processes s,t € S by

h%fxdis(s’ t)= _ sup inf sup A=Y Pr(C(zs, @) — Pr(C(2, @)
’ Z,ERes*(s) ZtE€Res*(t) acA*

A, A, A,
mTr),(dis(s’t) = max {hTr),(dis(svt)thr),(dis(t’ 3)}

We observe that the expression sup,e 4. A= Pr(C(zs, @) — Pr(C(2, )| used in Definition [15| corre-
sponds to the (weighted) total variation distance between the trace distributions given by the two resolutions
Zs and Z;. An equivalent formulation is given, for finite processes, in [I1, [42] via the Kantorovich lifting
of the discounted discrete metric over traces. The latter is obtained by identifying each maximal resolution
of nondeterminism for a process with the probability distribution over (complete) traces that it induces.
Then, taken as ground distance the discounted discrete metric over traces, the distance between two such
distributions is obtained via the Kantorovich metric.

We now state that trace distribution hemimetrics and metrics are well-defined and that their kernels are
the trace distribution preorder and equivalence, respectively.
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Figure 4: We will evaluate the trace distances between s, and t with respect to the different approaches, schedulers and
parameter p € [0,1]. In all upcoming examples we will investigate only the traces and the resolutions that are significant for
the evaluation of the considered distance.

Theorem 5. Let (S, A,—) be a PTS, A € (0,1] and x € {det,rand}. Then:

1. The function hé"r),(dis is a 1-bounded hemimetric on S, with T, 45 as kernel.
2. The function mff’r)fdis is a 1-bounded pseudometric on S, with ~%, 45 as kernel.

Proof. The proof can be found in O

Example 4. Consider processes s, and ¢ in Figure with p € [0, 1]. If we focus on deterministic schedulers,
the following trace distributions can be obtained:

Sp t
(s.1) {a:1} (t.1) {a:1}
(s.2) {a:l,ab:1} (t.2) {a:1l,ab:1}
(s.3a) {a:1,ab:p} (t.3a) {a:1,ab:0.5}
(t.3b) {a:1,ab:0.5,ac: 0.5}
(s.3b) {a:1l,ac:p} (t.3¢) {a:1,ac:0.5}
(s4) {a:1l,ac:1} (t4) {a:1l,ac:1}

To compute the distance h%’rdgits(sp,t) we have to match each trace distribution m of s, with a trace

distribution 7y of ¢ that minimizes sup,ec 4- Al®/='|m (@) — m2(a)|. The latter can be considered as the
distance between 71 and 7o. It is easy to see that there is a perfect match between trace distributions (s.1),
(s.2) and (s.4) of s, with the trace distributions (¢.1), (t.2) and (¢.4) of ¢, respectively. Let us consider
the trace distributions (s.3a) and (s.3b), which are induced by the schedulers selecting the left-most and
right-most a-transitions of s,, respectively. The distances between these trace distributions of s, and the
ones of ¢t are summarized by in the following table:

t1) | @2 (t.3a) (1.3b) (t.3¢) (t.4)

(s3a) | A»p | A-(1—p) A-|p—0.5] A-0.5 | A-max{0.5,p} A1

(s.3b) | A-p Al A-max{0.5,p} | A-0.5 A-|p—0.5] A-(1—-p)

Then, by simple algebra and by observing that p € [0, 1], we obtain h%fgits (sp,t) = A-min{p,0.5,1 — p}.

Similarly, we can easily prove that hf‘r;dgits(u sp) = A-0.5 and that m%;ddefs(sp,t) =X-0.5.

If we consider randomized schedulers, one can observe that for any ¢ € [0,1] the trace distribution
{a:1,ab: ¢,ac:1— g} can be induced from both s, and ¢. This because both s, and ¢ can perform traces
ab and ac with probability 1. This means that a randomized scheduler is always able to combine this two

resolutions in the appropriate way. Finally, h%’rrzri]: (sp,t) = h%’rrzril: (t,sp) =0 for any p € [0,1]. <
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Figure 5: Processes s,t are s.t. m%’r’fdis(s,t) = 0. However, mr}‘rdslz(s || u,t || w) = 0.5-A2 and m?llrrz‘l'bd(s | u,t || w) = 0.25- 2.
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Figure 6: For e1,e2 € [0,0.5], we have mfllrd:gt(s, t) = m%rrigf(s, t) = A-max(e1,€2), mffrds:z(s, t) = X-0.5 and mffrrgld(s, t) =

A-max{0.25 +£1,0.25 + e2}.

Trace distribution equivalence comes with some desirable properties, such as the full backward compati-
bility with both the fully nondeterministic and the fully probabilistic cases (cf. [5, Theorem 3.4]). However,
it is not a congruence with respect to parallel composition [39], and thus the related metrics cannot be
non-expansive. To see this, consider processes s,t in Figure Clearly, we have that m%’rxdis(s,t) = 0.
However, when we compose each of them in parallel with process u in the same figure, we obtain that
m%fdeits(s | u,t || u) = A2-0.5 and mé{rfzri‘f(s || u,t | w) = A?-0.25. This is due to the duplication phe-
nomenon that we witness mixing internal nondeterminism and probability: processes are discriminated by
the order of occurrence of the nondeterministic and probabilistic choices.

Moreover, due to the crucial role of the schedulers in the discrimination process, trace distribution
distances are sometimes too demanding. Take, for example, processes s,t in Figure @ with 1,5 € [0,0.5].
We have h%fgits(s,t) =X-0.5 and h%fdefs(t, 5) = X - max;c(1,2y max{0.5 — &;,¢;}, thus giving m%‘fgits(s,t) =
A-0.5 for all 1,9 € [0,0.5]. However, s and ¢ can perform the same traces with probabilities that differ
at most by max(e1,e2). Specially, for €1,e5 = 0, s,¢ would perform the same traces with exactly the same
probability. Hence, it would be reasonable for s and ¢ to be considered equivalent for ; = 0, and at a trace
distance of X - max(eq,¢e2) for €; € (0,0.5]. This example then suggests to change the notion of observable
event: from the trace distributions induced by the schedulers, to the classic notion of trace. Following the
same approach considered in [2], in the next section a trace-by-trace approach is considered.

4.2. The trace-by-trace approach

To overcome some of the issues related to trace-distribution approach, in [2] an alternative definition of
trace equivalence has been proposed that is based on the so called trace-by-trace (tbt) approach. The idea
is to choose first the event that we want to observe, namely a single trace, and only as a second step we let
the scheduler perform its selection: processes s,t are equivalent with respect to the trace-by-trace approach
if for each trace «, for each resolution for s there is a resolution for ¢ that assigns to a exactly the same
probability, and vice versa.

Definition 16 (Tbt-trace equivalence |2, 5]). Let (S, A, —) be a PTS and x € {det,rand}. We say that

processes s,t € S are in the tbt-trace preorder, written s Ty tbt b if

for each trace v € A*:
for each resolution Z, € Res™(s) there is a resolution Z; € Res™(t) with Pr(C(zs, @)) = Pr(C(z, @)).



4 METRICS FOR TRACES 13

Then, s,t € S are thi-trace equivalent, notation s ~f, ¢, ¢, if and only if s TF, ¢ and ¢ TF, 4 s.

In [2] it was proved that tbt-trace equivalences enjoy the congruence property and are full backward
compatible with the fully nondeterministic and the fully probabilistic cases.

We introduce now the quantitative analogous to tbt-trace equivalences. Processes s,t are at distance
e > 0 if, for each trace «, for each resolution for s there is a resolution for ¢ such that the two resolutions
assign to « probabilities that differ at most by €, and vice versa. Notably, such difference is multiplied by
Mel=1 when a discount \ € (0,1] is applied. This mitigates the role of traces when their length increases.

Definition 17 (Tbt-trace metric). Let (S,.A,—) be a PTS, A € (0,1] and x € {det,rand}. For each trace
a € A*, the function h%j\t’g‘t: S x 8§ — [0,1] is defined for all processes s,t € S by

(s, 0) = AT sup o nfPr(C(z, ) — Pr(Clers )|
) Z,E€Res*(s) Z,ERes*(t)

The tbt-trace hemimetric and the tbt-trace metric are the functions h%’rxtbt, m%’r’ftbt: S x 8§ — [0,1] defined

for all processes s,t € S by

A, A,
hTr),(tbt(SVt): sup h%r,tl))(t(s’t)
acA*

A,x A, x A, X
my7y (s, 1) = max {hﬂ,tbt(svt)a b e (6 5)}

It is not hard to see that for processes in Figure |§| we have m%’rxtbt(s,t) = X - max(e,e2) (and, in
particular, s ~f, 1, t if €1,€2 = 0). We show now that tbt-trace hemimetrics and metrics are well-defined
and that their kernels are the tbt-trace preorder and equivalence, respectively.

Theorem 6. Let (S, A,—) be a PTS, A € (0,1] and x € {det,rand}. Then:

1. The function h%’r’;bt is a 1-bounded hemimetric on S, with T, ,,, as kernel.

X

2. The function mr}mbt is a 1-bounded pseudometric on S, with ~%, 1, as kernel.

Proof. The proof can be found in O
Exzample 5. Consider Figure |4 In Example [4| we showed that h&\‘fgits(sp, t) = A-min{p,|0.5 — p|,1 — p}.

In this particular case the two hemimetrics h%’rfgt(sp, t) and hfll’riideits(sp7 t) coincide, since each resolution for

sp gives positive probability to at most one of the traces ab and ac, so that quantifying on traces before or
after having quantified on resolutions becomes irrelevant.

Let us evaluate now h%ffgt(t, sp). To this aim, we focus on trace ab and the resolution Z; obtained from
the central a-branch of ¢, for which we have Pr(C(z¢,ab)) = 0.5. We need the resolution Z, for s, that
minimizes 0.5 — Pr(C(zs,,ab))|. Since for any resolution Z, for s, we have Pr(C(zs,,ab)) € {0,p,1}, we
infer that the resolution Z,, we are looking for satisfies Pr(C(zs,,ab)) = p. By considering also the other
resolutions for ab and, then, the other traces, we can check that hi\[\ffgt(t, sp) =A-10.5—p|. In Examplewe

showed that hff’rdgits(t, sp) = A-0.5 for all p € [0,1]. Hence, we get hff’rdsits(t, sp) = hi}’rdfgt(t, sp) for p € {0,1},
and h%fgits(t, Sp) > hé{ffgt (t,sp) for p € (0,1). This disparity is due to the fact that the trace distributions
approach forced us to match the resolution for t assigning positive probability to both ab and ac, whereas
in the trace-by-trace approach one never considers two traces at the same time.

The same argument used in Example [4] allows us to conclude that with randomized schedulers we have

By (5. 1) = by (1, 5,) = 0. <

We conclude this section by stating that tbt-trace distances are strictly non-expansive. As a corollary,
we re-obtain the (pre)congruence properties for their kernels (proved in [5]).

. A,det A,rand A,det A,rand . .
Theorem 7. All distances hTr’tbt, hTr,tbt s IV e, T AT strictly non-expansive.



4 METRICS FOR TRACES 14

S t Zs Zt u

k T O R )
11 05 .. 05 1 05705 ‘1057705 11
s1 t to Zsy  Zt,  Ziy uy Uz Uz Ug

2T T T U G URN (R T

but related by ~det We remark that ¢ and w are related by all

Figure 7: Processes s and t are distinguished by Nrdp‘;t Tr.sup-

,tbt”
the relations in the three approaches to trace semantics.

Proof. The proof can be found in O

The trace-by-trace approach improves on trace distribution approach since it supports equivalences
and metrics that are compositional. Moreover, by focusing on traces instead of resolutions, the trace-
by-trace approach puts processes in Figure [] in the expected relations. However, we argue here that
trace-by-trace approach on deterministic schedulers still gives some questionable results. Take, for example,
processes s,t in Figure []] We believe that these processes should be equivalent in any semantics approach,
since, after performing the action a, they reach two distributions that should be identified, as they assign
total probability 1 to states with an identical behavior. But, if we consider the trace ab, the resolution
Z, € Res®(t) in Figure [7]is such that Pr(C(z,ab)) = 0.5, whereas the unique resolution for s assigning
positive probability to ab is Z; in Figure for which Pr(C(z,,ab)) = 1. Hence no resolution in Res®(s)
matches Z; on trace ab, thus giving mff’r .(s.t) = X - 0.5 and, consequently, s %dTiftbt t. This motivates
to look for an alternative approach that allows us to equate processes in Figure [7] and, at the same time,
preserves all the desirable properties of the tbt-trace semantics.

4.8. The supremal probabilities approach

The solution proposed in this section takes inspiration from the extremal probabilities approach proposed
in [3], which bases on the comparison, for each trace «, of both suprema and infima execution probabilities,
with respect to resolutions, of a: two processes are equated if they assign the same extremal probabilities
to all traces. However, reasoning on infima may cause some arguable results. In particular, it is unclear
whether such infima should be evaluated over the whole class of resolutions or over a restricted class, as
for instance the resolutions in which the considered trace is actually executed. Besides, desirable properties
like the backward compatibility and compositionality are not guaranteed. For all these reasons, we find it
more reasonable to define a notion of trace equivalence, and a related metric, based on the comparison of
supremal probabilities only.

Notice that, if we focus on verification, the comparison of supremal probabilities becomes natural. To
exemplify, we let the classical non-probabilistic case guide us. To verify whether a process t satisfies the
specification S, we check that whenever S can execute a particular trace, then so does t. Actually, only
positive information is considered: if there is a resolution for S in which a given trace is executed, then this
information is used to verify the equivalence. Still, resolutions in S in which such a trace is not enabled are
not considered. The same principle should hold for PTSs: a process should perform all the traces enabled
in S and it should do it with at least the same probability, in the perspective that the quantitative behavior
expressed in the specification expresses the minimal requirements on process behavior.

Focusing on supremal probabilities means relaxing the tbt-trace approach by simply requiring for equiv-
alent processes s,t that for each trace o and resolution Z; there is a resolution for ¢ assigning to a at least
the same probability given by Z;, and vice versa.

Definition 18 (Sup-trace equivalence). Let (S, A4, —) be a PTS and x € {det,rand}. We say that processes

s,t € S are in the sup-trace preorder, written s T, | ¢, if

for each trace o € A* :

sup  Pr(C(zs,a)) <  sup Pr(C(z, ).
Z,€Res*(s) Z,€Res*(t)
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Then, s,t € S are sup-trace equivalent, notation s ~i, oo ¢, if and only if s Tfy ()t and ¢ T, (o s.

We stress that all good properties of trace-by-trace approach, as the backward compatibility with the fully
nondeterministic and fully probabilistic cases and the strict non-expansiveness of the metric with respect to
parallel composition, are preserved by the supremal probabilities approach (Proposition (3| and Theorem |§|
below). Let ~J denote the trace equivalence on fully nondeterministic systems [6] and ~ denote the one
on fully-probabilistic systems [32].

Proposition 3. Assume a PTS P = (S, A,—) and processes s,t € S. Then:

et ot s~End e g N 1

1. If P s fully-nondeterministic, then s~y Trosup

2. If P is fully-probabilistic, then s Ndefsup tes qu'i‘r"‘sdup tes~E T

Proof. The proof can be found in O

The idea behind the quantitative analogue of sup-trace equivalence is that two processes are at distance
e > 0 if, for each trace «, the difference in supremal execution probabilities with respect to the resolutions
of nondeterminism for the two processes multiplied by Al®/=1 is at most e.

Definition 19 (Sup-trace metric). Let (S,A,—) be a PTS, A € (0,1] and x € {det,rand}. For each trace

a € A*, the function h%;f‘s’l’l‘p: S x 8§ — [0,1] is defined for all processes s,t € S by

h%;/\s’:fp(s,t) = max {0, )\la‘_l( sup  Pr(C(zs,a)) — sup  Pr(C(z, a))) }
’ Z,ERes*(s) Z,ERes*(t)

The sup-trace hemimetric and the sup-trace metric are the functions h’T\\ffsup, m’T\Jr)fsup: S xS — [0,1] defined
for all processes s,t € S by

A A
hTr},(sup(S’ t) = Seu}i) h%‘r,s::p(& t)
(e} *

m (s,t):max{h)"x (s,1), h (t,s)}.

Tr,sup Tr,sup Tr,sup

We can show that sup-trace hemimetrics and metrics are well-defined and that their kernels are the
sup-trace preorders and equivalences, respectively.

Theorem 8. Assume a PTS (S, A,—), A € (0,1] and x € {det,rand}. Then:

1. The function W™, is a 1-bounded hemimetric on S, with oy sup a8 kernel.

T7r,sup
2. The function m%’;fsup is a 1-bounded pseudometric on S, with ~%, ., as kernel.
Proof. The proof can be found in O

We conclude this section by showing that sup-trace distances are strictly non-expansive. As a corollary,
we infer the (pre)congruence property of their kernels.

. A,det A,rand A,det A,rand . .
Theorem 9. All distances hTr’Sup, hTr’SHp, mry g Mg g, re strictly non-expansive.
Proof. The proof can be found in O

Remark 1. We can show that the upper bounds to the distance of composed processes provided in Theorems][7]
and [J] are tight, namely for each distance d considered in these theorems, there are processes si, s, 11, t2
with d((s1, $2), (t1,t2)) = d(s1,t1) + d(s2,t2) — d(s1,t1) - d(S2,t2). Indeed, for zg, 2; in Figure with A = 1,
we have d(zs, z:) = 0.5 and d((zs, 25), (2t,2¢t)) = 0.75 =0.54+ 0.5 — 0.5 - 0.5.
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Figure 8: The spectrum of trace distances.

4.4. Comparing the distinguishing power of trace metrics

So far, we have discussed the properties of trace-based behavioral distances under different approaches.
Our aim is now to compare these distances with respect to their distinguishing power. By applying the same
ordering relation used in Section we will obtain the spectrum in Figure

For trace distributions and trace-by-trace semantics, the distances evaluated on deterministic schedulers
are more discriminating than their randomized analogues.

Theorem 10. Let (S, A, —) be a PTS, X € (0,1], y € {dis, tbt} and d € {h,m}. Then d};"*"? < d};%".

Tr,y Tr,y
Proof. In [Appendix B.7| we show that d%’rr";,nd < d’T\\}d;t. Moreover, we can consider the processes s,t in
Figure [7| with s ~nd ¢, s ~tand g g edet s 4det # that witness the strictness of the relations. [

As a corollary of Theorem by using the relations between distances and equivalences in Theorems
and (6], we re-obtain the relations NdT‘;‘fdiSCNfﬁflgis and N%\fftthN%f‘t‘ibt proved in [5]. Moreover, also the
analogous results for preorders follow.

As one can expect, the metrics on trace distributions are more discriminating than their corresponding
ones in the trace-by-trace approach.

Theorem 11. Let (S, A, —) be a PTS, X € (0,1], x € {det,rand} and d € {h,m}. Then d%fftbt < d%’r’fdis,

Proof. The proof can be found in |Appendix B.8| where we show that d%fftbt < d%ﬁdis. The strictness of the

relations follows by considering the processes in Figure [0} O

As a corollary, by using the kernel relations given in Theorems [f] and [6] we re-obtain the relation
Ty dis C~Tr bt Proved in [5] and we get £y 4; CEy -

Theorem [I0] states that the distances on deterministic schedulers are more discriminating than those on
randomized ones, and Theorem [11]| states that the distances on trace distributions are more discriminating

than those in the trace-by-trace approach. A natural question is how mr)ll’rfzril: and méffgt are related.

7. A,rand A,det
Ezample 6. Non comparability of m7; 3,0 and miy .

Consider processes s, t in Figure@ We have my, 4 (s,t) = A\-max{0.25+¢1,0.254e5} and my% (s,1) =
A - max(e1,€2). Conversely, for s,t in Figure [7| we have m%}fz?f(s, t) =0 and m%ffgt(s, t)=X-0.5. <
We focus now on supremal probabilities approach, that comes with a particularly interesting result:

the sup-trace metric on deterministic schedulers coincides with tbt-trace metrics on randomized schedulers.

A, det o s . .
Moreover, m7;, ;up coincides also with its randomized version.

Theorem 12. Let (S, A,—) be a PTS, A € (0,1] and d € {h,m}. Then d&\:iﬁ? = d%f;ip = d%rrzﬁg

Proof. The proof can be found in O
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This result is fundamental in the perspective of the application of our trace metrics to process verification:
by comparing solely the suprema execution probabilities of the linear properties of interest we get the same
expressive power as a pairwise comparison of the probabilities in all possible randomized resolutions of
nondeterminism.

Clearly, Theorem [I2] together with the kernel relations from Theorems [§ and [6] imply that the relations
for the supremal probabilities semantics coincide with those for the tbt-trace semantics with respect to

: : det __rrand __—rand det __ rand ____rand
randomized schedulers, ie. Ermsup—ETr’sup—ngbt and ~ Ty sup="Tr.sup =" tbt -

5. Metrics for testing

Testing semantics [16] compares processes according to their capacity to pass a test. The latter is a PTS
equipped with a distinguished state indicating the success of the test.

Definition 20 (NPT). A nondeterministic probabilistic test transition system (NPT) is a finite PTS
(O, A,—) where O is a set of processes, called tests, containing a distinguished success process |/ with
no outgoing transitions. We say that a computation from o € O is successful if and only if its last state is

J.

Given a process s and a test o, we can consider the interaction system among the two. This models the
response of the process to the application of the test, so that s passes the test o if there is a computation
in the interaction system that reaches /. Informally, the interaction system is the result of the parallel
composition of the process with the test.

Definition 21 (Interaction system). The interaction system of a PTS P = (S, A, —) and an NPT O =
(0, A,—0) is the PTS P || O = (S x O, A,—') where: (i) (s,0) € S x O is called a configuration and is
successful if and only if o = +/; (ii) a computation from (s,0) € S x O is successful if and only if its last
configuration is successful; (iii) —' is obtained from — and —o as described in Definition

For a configuration (s,0) and a resolution Z; , € Res*(s,0), with x € {det,rand}, we let SC(z;,,) be the
set of successful computations from z, ,. Then, for a trace a € A*, SC(z;,0, @) is the set of a-compatible
successful computations from z; .

Probabilistic testing semantics should compare processes with respect to their probability to pass a
test. In this Section we consider three approaches to it: (i) the may/must (Section [p.1), (ii) the trace-
by-trace (Section , and (iii) the supremal probabilities (Section . For each approach, we present
(hemi,pseudo)metrics that measure the differences in the behavior of processes when they interact with
tests. We study the non-expansiveness of these distances (Theorems and , and, in Section we
compare their discriminating powers (Theorems [19] and . To the best of our knowledge, ours is the first
attempt in this direction.

5.1. The may/must approach

In the original work on nondeterministic systems [16], testing equivalence was defined via the may
and must preorders. The former expresses the ability of processes to pass a test. The latter expresses the
impossibility to fail a test. When also probability is considered, these two preorders are defined, respectively,
in terms of suprema and infima success probabilities [46].

Definition 22 (May/must testing equivalence, [46]). Let (S,.A,—) be a PTS, (0,4, —o) an NPT and
x € {det,rand}. We say that processes s,t € S are in the may testing preorder, written s CZ% t, if for

—Te,may
each test o € O
sup Pr(SC(zs,0)) < sup Pr(SC(z,0))-
Z, 0€Res¥ . (s,0) Z 0€Res¥ . (t,0)
Then, s,t € S are may testing equivalent, written s ~p, . ¢, if and only if s T, . ¢ and ¢ T, .0 8.
The notions of must testing preorder, T, s> and must testing equivalence, ~7, 1, are obtained by
replacing the suprema in C7F, ., with infima.
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Finally, we say that s,t € S are in the may/must testing preorder, written s T, . &, if s T 00 1
and s Cf, .o t- They are may/must testing equivalent, written s ~, .\ t, if and only if s CF, ¢ and
t E%‘e mM S+

The quantitative analogue to may/must testing equivalence bases on the evaluation of the differences in
the extremal success probabilities. The may (resp. must) distance between s,t € S is at most € > 0 if the
difference in the suprema (resp. infima) success probabilities with respect to all resolutions of nondeterminism
for s and t is at most €. For a correct evaluation of the discounted distances, also with respect to the other
metrics discussed in the paper, we need to consider success probabilities in a step-by-step fashion. Given
any maximal resolution Z; , for (s, o), we let Pr"(SC(z,,)) be the probability of z; , to reach a successful
configuration in exactly n computation steps. Notice that Pr(SC(zs,)) = Y ooy Pr"(SC(zs,0)). Then,

accordingly to the general discounting policy, for each n > 1, we will apply a discount of A»~! to Pr"(SC(-)).

Definition 23. [May/must testing metric] Let (S, A,—) be a PTS, (0, A, —0) an NPT, A € (0,1] and
x € {det,rand}. For each test o € O, the function hoM S xS — [0,1] is defined for all s,t € S by

Te,may *

o0 o0

iy (s, t) =max{0,(  swp 3 ATLP(SC(a) - swp SATPrU(SCla0)) b
s Zs,0€Resy, .. (5,0) , 1 Zi,0€Res) i (8,0) 1

0,A,X

Te,may

Function h* : 8 x 8 — [0,1] is obtained by replacing the suprema in h

Te,must - with infima. Given y €

{may, must}, the y testing hemimetric and the y testing metric are the functions hil’;y, m%’e)fy: SxS —[0,1]
defined for all processes s,t € S by

h)* (s,t) = sup h3 (s, 1)

Te,y 0cO Te,y
A, X A, X AX
mTe,y(S7 t) = max{hTe,y (87 t)’ hTe,y (t’ S)}

The may/must testing hemimetric and the may/must testing metric are the functions ha\ﬂgmM,m’q\gmM:

S xS — [0,1] defined for all processes s,t € S by

W3 (s, 1) = max{hy . (s,), 3 (5,0}

Te,may Te,must
A,X

A, A,
mTe,mM (57 t) = rnax{InTe)fmay(S7 t)’ rnTe)fmust(S7 t)}

We now state that may/must testing hemimetrics and metrics are well-defined and that their kernels are
the may/must testing preorder and equivalence, respectively.

Theorem 13. Let (S, A,—) be a PTS, A € (0,1], x € {det,rand} and y € {may, must, mM}:

1. The function h’j\ﬂgfy is a 1-bounded hemimetric on S, with T, , as kernel.

2. The function mi\r’e)fy is a 1-bounded pseudometric on S, with ~7%, . as kernel.
Proof. The proof can be found in O

Ezample 7. Consider processes t,u in Figure [7] and their interactions with test oy in Figure [0} Let
x € {det,rand}. If we compare the infima success probabilities, we get infz, | eRresx_ (t.0,) PT(SC(2t,0,)) = 1

since (¢, 01) has only one maximal resolution corresponding to (¢, 01) itself and that with probability 1 reaches

a
/. Still, infz, , eRest, (u.01) Pr(SC(zy,0,)) = 0, given by the maximal resolution corresponding to (u,01) —

max

nil. Hence, m%}jmust(t, u) =|A-1—X-0] = A. Conversely, to evaluate the may testing distance between ¢, u,
consider their interactions with the test o, in the same figure. Due to the duplication phenomenon induced
by 02 on u, we get SUDz, | eResx, (1,00) PT(SC(2t,0,)) =1 and supz, . cresx (u,00) PT(SC(2u,0,)) = 0.5, from

max max

which we obtain mff’exmay(s, t)=0.5-A -«
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Figure 9: We use the tests 01, 02 to evaluate the distance between processes s, t,u in Figurewith respect to testing semantics.
e represents a generic configuration in the interaction system. In all upcoming examples we will consider only the tests and
traces that are significant for the evaluations of the testing metrics.

1b
J

We can finally observe that the may/must testing (hemi)metrics are non-expansive. As a corollary, we
re-obtain the (pre)congruence properties of their kernels.

. A,det A,rand A,det A,rand .
Theorem 14. Let y € {may, must, mM}. All distances hTe’y , hTe’y ;Mg o, M, O are Non-eTpansive.

Proof. The proof can be found in O

5.2. The trace-by-trace approach

In [B] it was proved that the may/must testing is fully backward compatible with the restricted class of
processes only if the same restriction is applied to the class of tests, namely if we consider respectively fully
nondeterministic and fully probabilistic tests only. This is due to the duplication ability of nondeterministic
probabilistic tests. However, by applying the trace-by-trace approach to testing semantics, we regain the
full backward compatibility with respect to all tests (cf. [5 Thm. 5.4]).

Definition 24 (Tbt-testing equivalence, [5]). Let (S,.A,—) be a PTS, (0,4, —o) an NPT and x €
{det,rand}. We say that processes s,t € S are in tht-testing preorder, written s e tbt if

for each test o € O and trace a € A*:
for each Z; , € Resy, o, (8,0) there is Z; , € Resy . (¢, 0) with Pr(SC(zs,0,@)) = Pr(SC(z:,0, @)).

max max
Then, s,t € S are tbi-testing equivalent, notation s ~7, ¢, if and only if s CF, ¢ and ¢ T ¢ .
The definition of the tbt-testing metric naturally follows from Definition

Definition 25 (Tbt-testing metric). Let (S,.A,—) be a PTS, (0,4, —0) an NPT, A € (0,1] and x €
{det,rand}. For each test o € O and trace a € A*, the function hfr’st’ﬁéxz S xS — [0,1] is defined for all
processes s,t € S by

hffs&ﬁ{x(s’t) — )\lel-1 . EP?uxp o) eRieg’f‘ (o) |Pr(SC(zs,0, ) — Pr(SC(z4,0, )|

max

The tht-testing hemimetric and the tht-testing metric are the functions hy%,, ,, m},, : SxS — [0,1] defined
for all processes s,t € S by

Ax _ . 0,a,\,X
hTe,tbt(s,t) = sup sup hTe’tbt (s,t)
0€0 aEA*

A, A, A,
mTe),(tbt(s’ t) = max {hTe)jtbt(S’ t), hTe),(tbt (t, 5)} :

We now state that tbt-testing hemimetrics and metrics are well-defined and that their kernels are the
tbt-testing preorder and equivalence, respectively.

Theorem 15. Let (S, A,—) be a PTS, A € (0,1] and x € {det,rand}. Then:



5 METRICS FOR TESTING 20
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Figure 10: Processes s,t are such that m;ﬁ;fét(s,t) =0.5- )X and m?ll’;:{;?(s, t) =0.

1. The function h%gftbt is a 1-bounded hemimetric on S, with e tbt as kernel.

2. The function m%;’ftbt is a 1-bounded pseudometric on S, with ~%, . as kernel.

Proof. The proof can be found in O
Ezample 8. Consider processes s,t in Figure [7] and their interactions with test o3 in Figure The same

reasoning detailed in the last paragraph of Section gives m%ﬁfﬁt(s, t) =X-0.5 and m%’er,igt (s,t) =0. =

When the tbt-approach is used to define testing metrics, we get a refinement of the non-expansiveness
property to strict non-expansiveness. As a corollary, we re-obtain the (pre)congruence properties of their
kernels (proved in [5]).

. A,det A,rand A,det A,rand . .
Theorem 16. All distances hTe,tbt’ hTe’tbt s IR s T, 4y, AT strictly non-expansive.

Proof. The proof can be found in O

5.3. The supremal probabilities approach

If we focus on verification, we can use the testing semantics to verify whether a process will behave
as intended by its specification in all possible environments, as modeled by the interaction with tests.
Informally, we could see each test as a set of requests of the environment to the system: the ones ending in
the success state are those that must be answered. The interaction of the specification with the test then
tells us whether the system is able to provide those answers. Thus, an implementation has to guarantee at
least all the answers provided by the specification. For this reason we decided to introduce also a supremal
probabilities variant of testing semantics: for each test and for each trace we compare the suprema with
respect to all resolutions of nondeterminism of the probabilities of processes to reach success by performing
the considered trace.

Definition 26 (Sup-testing equivalence). Let (S, A, —) be a PTS, (O, A, =) an NPT and x € {det, rand}.
We say that processes s,t € S are in the sup-testing preorder, written s Ee sup b if for each test o € O and
trace o € A*
sup Pr(SC(zs,0, ) < sup Pr(SC(z1,0,@)).
Z,,0€Res¥ . (s,0) 2 0€Res% . (¢,0)

max max

t, if and only if s C% t and t CX s.

Then, s,t € S are sup-testing equivalent, notation s ~ ETe sup ETe sup

X
Te,sup

We obtain the sup-testing metric as a direct adaptation to tests of Definition

Definition 27 (Sup-testing metric). Let (S,.A4,—) be a PTS, (0,4, —¢) an NPT, A € (0,1] and x €
{det,rand}. For each test o € O and trace a € A*, the function hoT’Séi’pX: S xS — [0,1] is defined for all
processes s,t € S by

h% (5, 1) = max {O, A=t sup  Pr(SC(zs,,)) — sup  Pr(SC(zt,, a))) }

Te,sup
Z, 0€Res% , (s,0) Zi,0€Res%, . (t,0)

max max
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Figure 11: The spectrum of testing metrics
The sup-testing hemimetric and the sup-testing metric are the functions h%;xsup,m%’;sup: SxS8 —[0,1]
defined for all processes s,t € S by

hx (s,t) = sup sup ho’o"’\’x(s,t)

Te,sup Te,sup
0€0 acA*
A, A, A,
mTe)fsup (87 t) = ma‘X{hTe),(sup(S’ t)’ hTe}jsup <t7 S)}

We now state that sup-testing hemimetrics and metrics are well-defined and that their kernels are the
sup-testing preorder and equivalence, respectively.

Theorem 17. Let (S, A, —) be a PTS, X € (0,1] and x € {det,rand}. Then:

1. The function h%gfsup is a 1-bounded hemimetric on S, with T ., as kernel.

2. The function m%gfsup is a 1-bounded pseudometric on S, with ~¥, ., as kernel.
Proof. The proof can be found in O
Finally, we can show that both hi}’e’;up and ma\ﬂgsup are strictly non-expansive. As a corollary, we obtain the

(pre)congruence properties of their kernels.

. A,det A,rand A,det A,rand . .
Theorem 18. All distances hTe7sup, hTe)Sup, M7y, o M gy 7€ strictly non-expansive.

Proof. The proof can be found in O

Remark 2. For all distances d considered in Theorems|[14] and processes zg, z; in Figure[7] with A = 1,
we have d(zs, z:) = 0.5 and d(zs || zs,2¢ || 2¢) =0.75 = 0.5+ 0.5 — 0.5 - 0.5. Hence, the upper bounds to the
distance between composed processes provided in Theorems [16] and [18] are tight. We leave as a future work
the analogous result for distances considered in Theorem

5.4. Comparing the distinguishing power of testing metrics

In this section we compare the testing distances with respect to their distinguishing power, thus obtaining
the spectrum in Figure

In the may/must and in the supremal probabilities approach, the distance evaluated on deterministic and
randomized schedulers coincide. Notice that in the supremal probabilities approach, we already observed
this fact with trace semantics (cf. Theorem. As regards the tbt-testing semantics, the distances evaluated
on deterministic schedulers are more discriminating than their randomized analogues, analogously to what
happens in the case of trace semantics (cf. Theorem .

Theorem 19. Let (S, A,—) be a PTS, A € (0,1], y € {may, must,mM} and d € {h,m}:

A,rand _ gA,det
1 dynd = apte
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Figure 12: Processes s,t and their interaction systems with the test o3 in Figure

A,rand A,det
2. dTe,tbt < dTe,tbt'

Ayrand _ gA,det
3. dTe,sup - dTe,sup'

Proof. The proof of the relations in Theorem |1_9|.1 and 19”3 and of the non strict relation d%’éiﬁ? < di}fﬁgt

in Theorem [I92] can be found in [Appendix C.7| Then, the strict version of the relation in Theorem
follows from Example O

Te,may ™ ~Te,may’

From Theorem by using the kernel relations in Theorems and|15] we regain relations ~2and  —~.det

rand _._det rand ___ det det rand 3 3
~omust =~ To.must: ~TemM =" To.mM: ~To.tbt C~Te.tbt» ald their analogues on preorders, proved in [E]. From

Theorem (17| we get TG =Cqet, | and ~HPG =~qef .

The metrics on the may/must approach are more discriminating that their corresponding ones in the
supremal probabilities approach. As already observed in the trace semantics (cf. Theorem, the metrics on
trace-by-trace approach are more discriminating that their corresponding ones in the supremal probabilities

approach.
Theorem 20. Let (S, A,—) be a PTS, A € (0,1], x € {det,rand} and d € {h,m}:

ALx Ax ALx X
1. dTe,may < dTe,mM and dTe,must < dTe,mM'

2.dN < dMf

Te,sup Te,may *

A,X A,x
3. dTe,sup < dTe,tbt'

Proof. Given any relation d’ < d in Theorem [20] the proof of the non-strict relation d’ < d is presented in[Ap-
Then, the strict relation d’ < d follows from: (i) Example [9] for Theorem (ii) Example [12)

for Theorem (iii) Example [13| for Theorem O

The following Examples prove the strictness of the inequalities in Theorem and the (possible) non
comparability of the testing (hemi)metrics. For simplicity, we consider only the cases of the metrics.

Example 9. Non comparability of m%;sxmay with m%;fmust.

This example provides the strictness of the relation in Theorem by showing that the may metric is
not comparable to the must metric.

In Example [7] we showed that for ¢,u in Figure [7] from their interaction with the test o; in Figure 0] we
obtain m)*_ (t,u) = A and my*_ (t,u) = 0.5- \.

Te,must Te,may

Consider now s,t and their interactions in Figure [I2] with the test o3 from Figure Clearly, we have
A,
SUDz, . cResy,., (s,03) Pr(SC(zs,05)) = 1 and SUDZ, , cResx,. . (t0s) Pr(SC(zt,0,)) = 0.3 and thus mT;may(s, t) =

0.7-A. Conversely, if we consider infima success probabilities, we have infz_ | cresx (s05) Pr(SC(#s,05)) =0

max

and infz, | cRest . (t,05) Pr(SC(z,0,)) = 0.3. Thus, mx (s,t) =0.3-\. <

max Te,must
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Figure 13: Processes s,t are such that rnTe bt (8,t) = 0 and m%’exmust(s, t) = 0.5 A, as witnessed by the test 0'/2.

Example 10. Non compambzlzty of mTe st With mff’exsup and m%’extbt.

We start with mTe sup- Form Example [7| we know that for ¢, u in Figure E it holds m%’exmubt(t, u) = A
Since both ¢ and u have maximal resolutions giving probability 1 to either ab or ac, we get mTe Sup( ,u) =0.
Consider now s, ¢ in Figure In Example |§| we showed that mTe must (8:t) = 0.3 - A, From the interaction

systems in Flgure by con81der1ng the suprema success probabilities of trace ac, we obtain m%gfsup =0.4-)\.
Next we deal with the tbt-testing metrics. Consider s,t in Figure and the family of tests O =
{o? | p € (0,1)}, each duplicating the actions b in the interaction with s and ¢. For each o € O,
infz_ o ERest (5.07) Pr(SC(zs,00)) = 0 and infz, ,cress (1,00) PT(SC(z1,0r)) = min{p,1 — p}, thus giv-
ing h%e MX (t,s) = A2 - min{p,1 — p}. One can then easily check that h’q\ﬂexmu“(t,s) = m’q\ﬂexmu“(s t) =
A2 SUPpe(0,1) min{p,1 —p} = 0.5 A2, Conversely, as the tbt-testing metric compares the success probabili-

max

ties related to the execution of a single trace per time, we get m%é’ftbt(s, t) = 0. In the case of randomized
schedulers, all the resolutions for ¢, 0P combining the two a-moves can be matched by s, 0P by combining the
b-moves and vice versa. Consider now s,t in Figure Even under randomized schedulers, the tbt-testing
distance on them is given by the difference in the success probability of the trace ac (or equivalently ad)
and thus m}} bt (8, ) = 0.4 - X, However, we have already showed that mTe st (8, 1) = 0.3 -\, <

Example 11. Non comparability of mTe ‘may with mTe bt
Consider processes s,t in Figure In Example [10[ we showed that mTe b (s, t) = 0. However, the

same reasoning giving m%e’must(& t) = 0.5- A2, can be applied on suprema success probabilities, thus giving

m%gfmay (s,t) = 0.5- A2, Consider now t,u in Figure and their interactions with test o; in Figure @ As we

consider maximal resolutions only, for both classes ot schedulers, the success probability of trace ab evaluates
to 1 on t, 01, whereas on u, 01 it evaluates to 0, due to the maximal resolutlon corresponding to the rightmost
a-branch. Hence m%;;‘tbt (t,u) = A, whereas we already showed that m) may (£ 1) = 0.5 A, <

Exzample 12. Strictness of mTC sup < mr’}cxmay

Consider s,t in Figure In Example |9 we have shown that mTe may(s7 t) = 0.7 - \. However, since the
supremal probability approach to testing proceeds in a trace-by-trace fashion, the sup-testing distance is
given by the difference in the success probability of the trace ac (or ad) and thus m%gfsup(& t)=04-) =

Example 13. Strictness of mTe sup < m%extbt

Consider now t,u in Figure [7] and their interactions with test 01 in Figure [0} In Example [II] we have
shown that mTC bt (t u) = A. However, one can easily check that mTe S up (L) = 0.

We stress that the strictness of the relation in Theorem BOIBlis due to the restriction to maximal resolu-

tions, necessary to reason on testing semantics. <
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Figure 15: Processes s,t are such that r»*(s,t) = h* (t,s) = X and rM¥(t,s) = h Xmust(s t) =0.

Te,must

6. The metric linear time - branching time spectrum

In this section we compare the distinguishing power of all the metrics discussed so far and combine the
spectra obtained in Sections [BHp] into the first metric linear time - branching time spectrum presented in
Figure The connections among the three spectra are stated in Theorem

An interesting result regards the relation between the ready similarity and the must testing metric
semantics. We have that for all processes s,t € S it holds that r»*(s, ) > h* (¢, s), whereas r**(s, 1)

Te,must

and h%exmust(s t) are, in general, not comparable. As shown in the following Example this process

inversion is due to the fact that for hT;xmust (t,s) > 0 the differences in infima success probabilities of ¢ and
s allow us to detect the possible presence of actions that are performed only by ¢, which means that ¢ cannot

ready simulate s, namely r**(s,t) > 0.

Example 14. Consider processes s,t in Figure Clearly, r**(s,t) = A, due to the presence of the

transition s = d,;. Conversely, as t corresponds to the leftmost a-branch of s, we have r**(t, s) = 0.
Consider now the interaction of s,t with the test o in the same figure, that tests for the ability of

performmg the trace ab. We have that 1nf2 o€Resx(s,0) PT(SC(zs,0)) = 0, due to the maximal computation

max

(s,0) 5 O(nil,o,)> Whereas infz, cresx (t,0) Pr(SC(2t,0)) = 1, as (t, 0) has only one maximal resolution which

max

corresponds to a successful computation. Hence, we infer hTe st (8, 1) = 0 and hTe st (£ ) = A <

Theorem 21. Let (S, A, —) be a PTS, X € (0,1], x € {det,rand} and d € {h,m}:
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1. h&* < ghrand

Te,may
2. For all s,t € S it holds hy*, . (t,5) < ¥ (s 1), and there are u,v € S such that . (u,v) <
r)\,rand (”U, U) . ’ '

A,x A,rand
3. mr, v < b .

A,rand A,rand A,rand A,rand
4. hTe’tbt <r and my; e < b .
A,X A,X
5. dg by < AT gbt-

6. d)\,x _ d)\,x

Te,sup Tr,sup*

Proof. Given any relation d’ < d in Theorem the proof of the non-strict relation d’ < d is presented in
Then, the strict relation d’ < d follows from: (i) Example [15|for Theorem [21}f1} (ii) Example
for Theorem (iii) Example [18 for Theorem (iv) Example 20| for Theorem R1J4} (v) Example
for Theorem RIII5 O

The following examples prove the strictness of the inequalities in Theorem [21] and the non comparability
of the distances shown in Figure[T4] For simplicity, when possible, we consider only the cases of the metrics.

Example 15. Strictness of h%;;‘may

Consider processes s, t in Figure From Examples [10[ and [11{ we can infer that h* (s,t) = 0.5-\2.

Te,may

< S)\,rand.

However, it is easy to check that s/\’x(s, t) = A, due to the nondeterministic choice of s;. <

Ezample 16. Non comparability of s»* with h%gfmust and hi\«éxtbt.

Consider processes s,t in Figure In previous Example we obtained that s**(s,t) = A. However,
it is easy to check that hy* (s, t) = hyX,, (s, t) = 0.

Te,must
Consider now processes s, t in Figure In Examplewe showed that h%’e),‘must (t,s) = A and by applying
the same reasoning we obtain h%’e’ftbt (s,t) = X (notice the inversion of the two processes). However, since
process nil is simulated by any process, we have that s**(s,t) = s™*(¢,s) = 0. <
Example 17. Existence of s,t € S such that h%gfmust(t, s5) < vhrand(g ),
Consider processes s,t in Figure In Example E we showed that h,)f’c’fmust(t, s) = 0.5 - A\2. However,
we clearly have that r**(s,t) = A. <

Ezample 18. Strictness of my,_,, < b and,
The same reasoning used in previous Examples [15| and [17] allows us to conclude that for processes s,t in
Figure [13{ we have b»*(s,¢) = A and ma\{;‘mM(s, t) =0.5- )2 <

The following example stresses the non comparability of bisimilarity metric with respect to trace distri-
bution and (testing) trace-by-trace metrics under deterministic schedulers. Conversely, as a consequence of
Theorem the novel supremal probabilities approach to trace and testing metrics fits in with bisimilarity
as expected.

7. A, det . A,det A,det A,det
Example 19. Non comparability of b with m/" o, mAp o and T, -

As already discussed at the end of Section and in Example [§] processes s, ¢ in Figure [7] are such that

brdet(s ¢) = 0, whereas mySt (s,¢) = my9 (s, 4) = my% (s,£) = 0.5- . Conversely, by considering

processes s,t in Figure [15( we have that b*d¢(s,¢) = ), whereas clearly ma\ﬂfgits(s,t) = m% (s,1) = 0.
Similarly, processes s,t in Figure are such that b (s ¢) = ), whereas in Example we derived

m:}ftegt(s,t) =0. <
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Figure 16: Processes s, are such that m7;";; (s, ) = 0.3 - A, mp; 5, 7(s, 1) = 0.21 - X and mTe bt (5,8) = 0.

Example 20. Strictness of m%’erigf < pHrand
Consider processes s,t in Figure Clearly we have that b*™"d(s ¢) = \, whereas in Example m we

. A,rand _
derived m7; ¢ (s,t) = 0. <

7. ALx . A,det A,det
Ezample 21. Non comparability of my;, . with mz ;. and m7, tbt

For processes s,t in Figure we showed, in Example that mTe may(s7 t) = 0.5-A\%2. However, as both

processes have a single resolution each allowing them to execute either trace abc or abd, we can infer that

mi\ﬁxdls(s t) = m%xtbt (s,t) = 0. Notice that this also shows the strictness of the relation mi\[;r?i?: <my*

Te,may *
Consider now s,t in Flgure As discussed in Section we have that m%’rdgfs = %rdfgt(s t) =05\
However, one can easily check that m%gfmay(s, t) =0. <

Ax
Example 22. Non comparability of mTe must With mTr dis? m7 bt and mTr sup

Consider processes t,u in Flgure Clearly, m% ais(tu) = m%xtbt(t u) = m%rxsup(t u) = 0. However,

in Example |7| we showed that mTe st (£, 1) = A Consider now s, ¢ in Figure From Example |§| we have

m%cxmust (s,t) = 0.3 A, but clearly mTr’diS(s, t) = m%fftbt (s,t) = m%\rxsup(s t) =04\ <

Example 23. Strictness of m%’rxtbt < mTe bt
Consider processes t,u in Figure [7] and their interactions with the test o1 in Figure [0} Clearly, we have

m%\rxtbt(t u) = 0, whereas m’q\ﬂgftbt(t, u) = A, as discussed in Example <

Example 24. Non comparability of mTe bt ONd rnTr dis

Consider processes s, t in Figure We have that m%rdgfs(s t) = 0.3- X\ in that s will use the resolution Z;,

in the same Figure, corresponding to its rightmost a- branch to match the resolution Z, for t corresponding to
the process itself, and reported in the same Figure. Interestingly, we can show that this distance is lowered
when randomized schedulers are considered. In fact if we match the resolution Z; with the randomized
resolution Z} in Figure [I6] obtained by applying weights 0.3 and 0.7 to the resolutions for s corresponding,
respectively, to its leftmost and rightmost a-branches, we obtain that mé\rrx‘sd (s,t) =0.21- . However, it is

easy to see that mTe b (8, 1) = 0, since success probabilities are evaluated in the trace-by-trace fashion.
Consider now processes t u in Figure [7] and their interactions with the test 01 in Figure 0] We already
noticed in Figure |7 that mTr “4is (6, u) = 0. Still, in Example |L1) we showed that mTe b (B u) = A <

7. Related and future work

Trace metrics have been thoroughly studied on quantitative systems, as testified by the spectrum of
distances, defined as the generalization of a chosen trace distance, in [22] and the one on Metric Transition
Systems (MTSs) in [14]. In [22], the spectrum is obtained by applying to LTSs the theory of quantitative
Ehrenfeucht-Fraissé games [21), 23]. However, our results on PTSs cannot be obtained from the ones in
[22] since the considered metric semantics are quite different and the well-behavedness property assumed for
the metrics in [22] does not hold for distances on PTSs. Notably, in [I4] the trace distance is based on a
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propositional distance defined over valuations of atomic propositions that characterize the MTS. Although
such valuation could play the role of the probability distributions in the PTS, it is unclear whether we
could combine the ground distance on atomic propositions and the propositional distance, to obtain trace
distances comparable to ours. In [I} [13] trace metrics on Markov Chains (MCs) are defined as total variation
distances on the cones generated by traces. As in MCs probability depends only on the current state and
not on nondeterminism, our quantification over resolutions would be trivial on MCs, giving a total variation
distance as well.

Although ours is the first proposal of a metric expressing testing semantics, testing equivalences for
probabilistic processes have been studied also in [2, 3, [I8]. In detail, [I§] proposed notions of probabilistic
may/must testing for a Kleisli lifting of the PTS model, i.e., the transition relation is lifted to a relation
(=) C (A(S) x A x A(S)) taking distributions over processes to distributions over processes. Interestingly,
they prove that the so obtained may testing preorder coincides with forward similarity [40], namely the
simulation preorder obtained on those lifted transitions, and that the must testing preorder coincides with
the forward failure similarity, obtained as the lifting of the failure simulation preorder. Again, the disparity in
the two models prevents us from thoroughly comparing the proposed testing relations. Our intuition is that
the metrics defined for forward (bi)simulation semantics would result into less discriminating metrics with
respect to those for (bi)simulation semantics and that, due to the duplication phenomenon introduced by
probabilistic tests, the equality between non-zero forward and testing metrics could no longer be guaranteed.
We leave as future work a thorough investigation on this issue.

As future work, we aim at extending the metric spectrum to decorated trace semantics and to metrics on
different semantic models, and to study their logical characterizations and compositional properties, along
the same line proposed in [8HI0, 12, 25H27] for bisimulation semantics. Further, in light of the relation
among the supremal and randomized trace-by-trace metrics, we aim to provide efficient algorithms for the
evaluation of the proposed metrics and to develop a tool for quantitative process verification: we will use the
distance between a process and its specification to quantify how much that process satisfies a given property.
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Appendix A. Proofs of Section

Appendiz A.1. Proof of Proposition[]]
Proposition Assume an image finite PTS in which, for each transition s — 7, w is a distribution with
finite support. Let F € {B»* R M S} for A € (0,1] and x € {det,rand}. Then, given any dy,ds € D(S)
with dy < dy, for all s,t € S we have:

F(dy)(s,t) = F(d2)(s,t) < sup (di(u,v) —da(u,v)).

u,WES

Proof of Proposition We expand only the case of S»™1d, The cases of the other functionals can be
obtained similarly. Hence, the proof obligation instantiates as

SA’rand(dl)(s,t) — S’\’rand(dg)(s,t) < sup (dy(u,v) — da(u,v)). (A1)

u,wES

First of all, notice that since we are considering an image finite PTS in which all distributions have finite
support, we are guaranteed that also all the distributions that are target of combined transitions will have
finite support. This is fundamental to guarantee that the minimum over the matchings for such distributions
in the evaluations of the Kantorovich distance is always achieved. Then we have

S)\,rand (dl)(s, t) _ S/\,rand(d2)(s’ t)

= sup inf A -K(dy)(ms,m)— sup inf X K(do)(mws, ) (A.2)
sﬁ—)cws tL>c7Tt sﬁ—)cws t#cﬂ't

By definition of supremum, given £; > 0 there is a combined transition s - 7, such that Sup o, inft oy A
clls ctt
K(dy)(ms,mt) < inft a A - K(dy)(7s, ) + 1. Therefore
PeTt

(A.2) < inf X -K(dy)(7s,m) — sup inf A-K(do)(ms,m) + €1 (A.3)
ti>c7rt si>c7rs ti>c7rt

By substituting the supremum over combined transitions for s with respect to the lifting of dy with the
arbitrary combined transition s —, 7, from the previous step, we get

(A.3) < inf X-K(dy)(Fs,m) — inf X -K(d2)(7s, ™) + &1 (A.4)
tL>C7Tt tL>C7Tt
By definition of infimum, given €5 > 0 there is a combined transition ¢ —. #; such that inft oy A
K(do) (7, ) > X - K(da) (7, 7¢) — €2. Therefore '
" < inf )\'K(dl)(ﬁ's,ﬂ't)—)\'K(dg)(ﬁ's,ﬁ't)—f—fl + &2 (A5)

t—> et

By substituting the infimum over combined transitions for ¢ with respect to the lifting of d; with the arbitrary
combined transition t . 7, from the previous step, and letting € = £; + €2, we get

" < A K(dl)(ﬁ—&ﬁ—t) —A- K(d2)(77r577~rt) +e

=X- min (s, t)-di(s,t') =X min (s, t) - do(s', 1) + ¢ A6
B S SR N ST

By choosing 0 = arg mingeo (s, 7,) s s (s, 1) - da(s', '), we get

A.GZ)\.( n (s’ ') - di(s',t") — (s’ t') - d s’,t'>+8 A7
A6 vl ) 2 W) () = D BT () (A7)
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By substituting the minimum over the matchings for 74, 7; with respect to d; with the matching to form
the previous step, we get

(A7) < A-( PRGN ACHIES Y ﬁa(s’,t’)-dg(s’,t’)> +e

s/ t'eS s/ t'eS

=X Y (s, ) (di(s, 1) —da(s 1) + e

st eS
<A Z (s, ) - »SFEI?S(dl(&t) —da(s,t)) +e€ (A.8)
s eSS S,

By noticing that A <1 and >, . sw(s’,t') =1, we get

(A.8) < sup (di(u,v) — da(u,v)) + €.
u,VES

Since the inequality S*#24(dy)(s, t) — S04 (dy)(s, ) < sup,, ,es(d1(u,v) —da(u,v))+ ¢ holds for all & > 0,
we can conclude that Equation (A.1]) holds. O

Appendiz A.2. Proof of Proposition[3

Proposition Assume an image finite PTS in which, for each transition s — w, m is a distribution
with finite support. Let A € (0,1], x € {det,rand} and d € {b,r,s}. Then d™* = limj_, o dg’x.

Proof of Proposition We expand only the case of convex bisimulation metrics. The proofs for ready
simulation and simulation metrics are analogous.

Since BA*#d is monotone and its closure ordinal is w, due to Proposition [I|and [43, Corollary 1], we can
immediately infer that limy,_, o b,)c"]rand = b} ™74 and that b}*#" is a fixed point for B*#"d. Moreover, by an

easy induction over k € N, we can prove that b**ard > bg’ra“d for all k € N. In particular, bArand > b;\;rand.
Therefore, by uniqueness of the least fixed point, we can conclude that b)r#id = pArand, O

Appendiz A.3. Proof of Theorem[3
Theorem Let (S, A,—) be a PTS, x € {det,rand} and X € (0,1]. All functions b**, v** and s** are

strictly non-expansive.

Proof of Theorem We prove the thesis for r»*. The proof for s»* is analogous. First we need
to introduce the notion of precongruence closure for hemimetric r»* with respect to operator || as the
quantitative analogue of the well-known concept of precongruence closure of a process preorder. We define
the precongruence closure of r»* for operator || as an hemimetric d: S x & — [0, 1] defined by

s =81 H So Nt =1 H to A\
I‘A’X(Sl,tl),I'A’X(SQ,tQ) <1

(s, t) otherwise

d(s.1) min {d(sl,tl) + d(sa,t2) — d(s1,t1) - d(sa,t2), r)"x(s,t)} if
5,t) =

We notice that, by construction, d satisfies the properties d < r** and d(s; || s2,t1 || t2) < d(s1,s2) +
d(t1,t2) —d(s1, s2) - d(t1,t2). Hence, it remains to show that r** < d, thus giving r** = d. Since r** is the
least prefixed point of R*, to show r** < d it is enough to prove that d is a prefixed point of R*.

To prove that R*(d) < d we need to show that d satisfies the conditions of the ready bisimulation metrics,
namely for all s,t € S with d(s,t) < 1 we need to show the following two properties:

Vs % g It -5 1 with X - K(d)(ms, 7)) < d(s,1) (A.9)
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if s 24 then t 24 . (A.10)

We prove Equations and by induction over the overall number k& of the occurrences of
operator || in s and ¢.

Consider the base case k = 0. By definition of d, we have that d(s,t) = r**(s,t). Let us start with
Equation Since d(s,t) < 1 and d(s,t) = r**(s,t), we infer r*(s,t) < 1, therefore we are sure that
each transition s %+ 7, is mimicked by some transition ¢ — 7; for some distribution 7; € A(S) such that
M- KM (7, m) < r2%(s,t). Since K is monotone, from d < r** we infer K(d) < K(r**). Therefore we
conclude

A K(d) (7, 1) < XK (@) (g, 1) < vM8%(s,t) = d(s, t)

which confirms that Equation holds for s and t. Equation follows by observing that if s —4
and r™*(s,t) < 1 then we have t 2.

Consider the inductive step k > 0. If s is not of the form s = s1 || s2, or ¢ is not of the form ¢ = ¢; || ¢,
then by definition of d we have d(s,t) = r»*(s,t) and Equations and follow precisely as in the
base case k = 0. Otherwise, if both s = s1 || s2 and ¢ = t; || t2, then we distinguish two subcases:

s, t)
t

, rA’x(s,t), with r’\’x(sl,tl) =1or r’\7x(827t2) =1lor r)“x(s,t) < d(s1,t2) +d(se,ta) —d(s1,ta)-
52,

o d( =
d(sa,t2).
o d(s,t) = d(s1,t1)+d(sa,t2)—d(s1,t1)-d(s2,t2), with ™% (s1,11) < 1 and r™*(sa,t2) < 1 and v**(s,t) >
d(Sl,tl) + d(SQ,tQ) — d(Sl, tl) . d(SQ, tg).

In subcase d(s,t) = r**(s,t), Equations and follow precisely as in the base case k = 0.

Consider the subcase d(s,t) = d(s1,t1) +d(sa,t2) — d(s1,t1) - d(s2, t2). Let us start with Equation (A.9).
We note that a transition s - 7 derives from transitions s; — 7} and sy — 72 with 7, = 7} || 72. By
M (s1,t1) < 1, TV (s9,t2) < 1 and d < ™, we get d(s1,t1) < 1 and d(sa,t2) < 1. By the inductive
hypothesis we get that there are also transitions ¢; =+ 7} and to = 77 with - K(d)(r},7}) < d(s1,t1) and
M- K(d)(72,72) < d(sg,t2). Clearly, we can infer that there is also the transition ¢, || to — 7} || 72. For
i € {1,2}, let wo; € W(r, 7}) be the optimal matching for K(d)(7?, 7). Notice that, for i € {1,2}, since by
definition we have (7% || 7) (s} || t}) = wi(s}) - 7i(t}), then ro; - ty is trivially a matching for 7! || 72 and
7} || 72. Then we have

A K(d)(my || 72w || )

=X min o » 0 sy || sht [] #) - dlsy || shty | th) (A.11)
WEWT T T ) 1eSie{1,2)

By construction of d, we get

(A1) < A- min Do wlsy | shith [ 8h) - (dsy, 1) + dlsh, th) — d(sh, 1) - dlsh, th))

mew 1, 27 1,2
(g3 ”t)s;,tges,ie{m}

(A.12)

By choosing an arbitrary matching, namely to; - tv, in place of the optimal matching for 7} -7} and 72 - 72,
we get

BEID <A > wilsh 1) walsh th) - (d(s), 1)) + d(sh, th) — d(s), t)) - d(sh, 1)) (A.13)
s theS,ie{1,2}

By the independence of 1 and tvy and the fact that >, ,, w;(s},t}) =1 for i € {1,2}, we get

(2

" =A- ( Z ml(sllvtll) ’ d(sllvtll) + Z m2(8/27tl2) ’ d(S/QatIQ) -

s Esupp(l),t) Esupp(m}) shEsupp(m2),t,, Esupp(m?)
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> w1 (sh, ) - d(s. 1) ) - > o (s, th) - d(sh 15)) )

s} Esupp(ml),t) Esupp(n}) shEsupp(m2),t,, Esupp(m?)
(A.14)
By the choice of tv; and s, we get
BT = A (K(d)(r!, md) + K@), 72) — K(d)(r!, 7b) - K(d)(r2, 72)
<A K(d)(mg,m) + A K(d) (2, 77) — (A - K(d)(mg, 1)) - (A - K(d)(72, 7)) (A.15)

By the inductive hypothesis and the fact that both A - K(d) and d are bounded by 1, we get

" < d(817t1) + d(827t2) - d(slatl) : d(SQ,tQ)
=d(s,1).

Thus, Equation (A.9) is satisfied for d in this case. Consider now Equation (A.10). If s 4 then s; —4 or
sy —% . By the inductive hypothesis, we infer that t; — or ¢t —4, from which we can immediately derive
that t 54, thus confirming that also Equation (A.10)) holds. O

Appendiz A.4. Proof of Theorem |3

In order to prove Theorem [3| we need to recall that the Kantorovich metric is subadditive with respect
to convex combinations of distributions.

Proposition 4 ([38]). Let (X,d) be any metric space and I o finite set of indexes for which m;, 7, € A(X)
and p; € (0,1] with Y, pi = 1. Then, K(d)(>_pimi, Y _pimy) < > pi K(d)(m;, 7).
iel icl i€l

Theorem Let (S, A,—) be a PTS, A € (0,1] and d € {b,r,s}. Then d*'ad < dMdet,

Proof of Theorem |3} We expand only the case of the similarity metrics. The proofs for ready similarity
and bisimilarity metrics can be obtained by similar arguments.
We proceed by induction on k € N to show that

spdet > ghmnd for all k e N (A.16)

then the thesis sMdet > ghrand wil] follow by Equation (A.16]), Proposition [2f and the monotonicity of the

limit.
Consider the base case k = 0. Given arbitrary processes s,t € S, we have sy = s3"** = 0, and thus

Equation (A.16) holds in this case.
Consider now the inductive step k& > 0. We have

521d6t(5’t) = sup sup inf M- K(Sszt)(ﬁsﬂrt)
a€A ay . t—"5m,

> sup sup inf )\~K(s2f?nd)(7rs,ﬂ't)
acA LI >,

sup sup inf /\-K(S;c\f?nd)(ﬂs,ﬂt)

a
a€A sihrs t—> oy

Y

= sup sup inf - K(sp) (7, )
a€A oy ot

_ S/\,rand(& t)

where:
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e the second step follows by the inductive hypothesis and the monotonicity of K;

e the third step follows by the fact that by evaluating the infimum over a wider class of transitions we
can obtain a better matching of the transitions by s;

e by letting f(s,a,7;) =inf, o, A- K (sp4) (g, ), the fourth step derives from
cTt

—sup_a,  f(s,a,ms) = sup_a, , f(s,a,7). This derives directly from the fact that we are
evaluating the supremum over a wider class of transitions.
—sup .o,  f(s,a,m) > sup_a, , f(s,a, 7). This follows since each a-combined transition from

S con51sts in a convex combination of the distributions reached by a-transitions from s. More
formally, for each s —, m, there is a set of indexes I s.t. 7, = Y e DiT ¢ for weights p; € (0,1]
with 3,.,;p; = 1 and distributions 7. € der(s,a). Thus, given any & > 0, by definition of
supremum and Proposition [l we have

sup  f(s,a,7) < f(s,a,7) +¢€

S%CTFS
. A,rand
= inf XN-K(s"")(me,m) +e
tihﬂ't
= inf X sg ralmd szﬂg, )
t—>em, el

IN

inf A pi - K(spM) (nl, m) +
t—remy el

< inf A-maxK(sp8) (nl ) 4 e
t‘LL_)C‘IT i€l

< max inf X\ -K(sp"8)(xl,m) 4 e
i€l ey ot

< sup f(s,a,7)+e.
S‘a_)ﬂ‘_g

Since sup o,  f(s,a,m;) < sup_a, , f(s,a,7) + ¢ holds for all € > 0, we can conclude that
Supsi)cﬂs f(s7a,778) > Supsih‘,/. f(sa (l7’/T;).

Hence, we can conclude that Equation (A.16]) holds also in this case. O
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Appendix B. Proofs of Section

Appendiz B.1. Proof of Theorem[3
Theorem Let (S, A,—) be a PTS, X € (0,1] and x € {det,rand}. Then:

1. The function h%’r’fdis is a 1-bounded hemimetric on S, with Cy ais as kernel.
2. The function m%\fdis is a 1-bounded pseudometric on S, with ~%, 4, as kernel.

Proof of Theorem We expand only the case of hemimetrics and their kernels. The proof for metrics
and their kernels simply follows by symmetrization.
We start with proving that the function h%’rxdis defined by

WX = sup inf sup A=HPr(C(zs, @) — Pr(C(zt, o
Tr,dis Z.€Res*(s) Z,€Res*(t) ac A+ | ( ( )) ( ( t ))'

is an hemimetric. We reason as follows:

e the function

sup A1 Pr(C(z,, @) — Pr(C(z, a))|
acA*

is a pseudometric over resolutions, since the function f: R x R — R defined by f(z,y) = |z — y|
is a pseudometric over reals, a pseudometrics multiplied by a constant is a pseudometrics, and the
supremum of a set of pseudometrics is a pseudometrics;

e for any pseudometric d on resolutions, the function over processes assigning to s and t the value

sup inf  d(zs,2)
Z,E€Res*(s) 2t ERes*(t)

is the asymmetric version of the Hausdorff distance, and thus an hemimetric.

Then, the 1-boundedness property of h%’r’f 4is follows by A € (0,1] and

Pr(C(zs,)) <1 for all a« € A*, Z; € Res™(s)
= |Pr(C(zs,)) — Pr(C(zt, )| <1 for all @ € A%, Z, € Res™(s), Z; € Res™(¢)
= sup inf  sup AT Pr(C(zs,a)) — Pr(C(z, @))| < 1.
Z,ERes*(s) ZtERes™(t) ac A~

Finally, we prove that the kernel of h’)f}xdis is CF, qis DY

8 Cy ais ¢
<=V Z; € Res™(s) 3 Z; € Res™(t) s.t. Va € A* Pr(C(zs, ) = Pr(C(z4, @)

=V Z, € Res*(s) 32, € Res*(t) s.t. sup MN7HPr(C(z,, ) — Pr(C(z, )| =0
acA*
— sup inf sup )\la‘_1|Pr(C(zS, a)) —Pr(C(z, )| =0
Z,ERes*(s) ZtERes™ (1) acA*

s hY
hTr),(dis(Sﬂt) =0.
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Appendiz B.2. Proof of Theorem [f]
Theorem [6} Let (S, A, —) be a PTS, A € (0,1] and x € {det,rand}. Then:

1. The function h Togbe 18 @ 1-bounded hemimetric on S, with CF, ;. as kernel.
2. The function mi\[\’r)ftbt is a 1-bounded pseudometric on S, with ~7, . as kernel.

Proof of Theorem |§|. We show that for x € {det,rand}, the function h”n . is a 1-bounded hemimetric
on S, with T, 1, as kernel. From this result, directly from the definition of mTr ibe and of ~F ., follows

that mé\’r’;bt is a 1-bounded pseudometric on S, with ~7, ,, as kernel.

The proof that hT’r bt 18 @ 1-bounded hemimetric in analogous to the proof for hTr Jis (see |Appendix
- being a 1- bounded hemimetric.

For the kernel, we have

S Cy bt
= Vae A" VZ; € Res™(s) 32, € Res™(¢) s.t. Pr(C(zs,)) = Pr(C(z, )

= Vae AV Z, €Res(s) 32, € Res*(t) s.t. M7 Pr(C(z,a)) — Pr(C(z, )| =0
—Vae A" sup inf A Pr(C(z,, @) — Pr(C(z,a))| =0

Z,€Res*(s) Zi1€Res*(t)
< sup sup inf  AYTHPr(C(z,, ) — Pr(C(z, @) = 0

a€A* Z,cRes*(s) Zt €Res*(t)
A, X
hTr tbt( ) = 0.

Appendiz B.3. Proof of Theorem[7]
Theorem |7l All distances hy3<t, | hrard mAdet - phrand pre cirictly non-expansive.
Tr,tbt? ATy tbt 2 Ty thtr Ty tbt Y D

Proof of Theorem We start with h%’r’ftbt. Assume h%’rxtbt(sl,tl) = ¢; and h%’rxtbt(s%tg) = £9. Then,

for each trace a € A*, we have h%;?‘t’gt(sh t1) < e and h%r’\ﬂ’;t(SQ7 ta) < &9, thus implying:

® SUDz, eRes(s;) M 2, erest(t)) [PT(C(2s,, ) = Pr(C(2,, )| < 57t

® SUDz, cRes(sy) 1M 2, eResx(t2) |PT(C(2s,, @) = Pr(C(2e,, )| < 5ot

Therefore, by definition of infimum, given any §; > 0 and d3 > 0, we can infer that:

1. VZ,, € Res™(s1) 324, € Res™(t1) : [Pr(C(zs,, ) — Pr(C(2,, )| < yrat=r + 01,

2. VZ,, € Res™(s2) I Z;, € Res™(ta) : [Pr(C(zs,, @) — Pr(C(zt,, a))| < et + 02

For simplicity, let us denote process s1 || s2 by s and process t1 || t2 by t. We have to show that

A, X
hi e (s,t) Serte2—er-en

and thus that for each trace o € A* we have h%f‘t’gt(s, t) < El"’f@%, namely

. €1 +¢eE2—¢€1-€2
S f Pr(C(z, — Pr(C < = - -°
zsebRiEx@) Ztegtsx(t) [Pr(C(zs, 0)) = Pr(C(ze, )| < Ael=1

This is equivalent to show that for each § > 0 and for each resolution Z; € Res*(s) there is some resolution
Z; € Res™(t) satistying
E1+€E2—€1 62

|Pr(C(zs, ) — Pr(C(zt, )| < Va1

+4. (B.1)
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Assume any resolution Z; € Res*(s). Then, by definition of parallel composition, there are resolutions
Z,, € Res™(s1) and Z;, € Res™(s2) such that Z, = Z, || 25, and Pr(C(zs, @)) = Pr(C(zs,, @)) - Pr(C(zs,, )).
Consider then the two resolutions Z;, € Res™(t;) and Z;, € Res*(ty) satisfying items [I] and [| above
with respect to Z,, and Z,, respectively, with §; = o = g. By definition of parallel composition,
2y = 24, || 24, is a resolution for ¢. On the basis of the relations Pr(C(zs,,a)) op; Pr(C(z,,«)) and
Pr(C(zs,,)) opa Pr(C(z,, o)) with opy, ope € {>,<}, we distinguish four cases and we show that in all

cases Equation holds.

e op;,0pe = >. Hence, we have Pr(C(z,,a)) > Pr(C(zs,,a)) — &= — 61 and Pr(C(z,,a)) >
Pr(C(zs,,@)) — s7at=1 — 02. We derive Equation by

|Pr(C(zs, ) — Pr(C(zt, o))
= Pr(C(zs,,a)) - Pr(C(zs,,)) — Pr(C(z4,, @)) - Pr(C(2,, @)) (B.2)

By PI‘(C(Ztl ’ O{)), Pr(C(ZtQ ) Oé)) < 1a we get

" < PI‘(C(ZSI,Q)) ’ PY(C(ZSQ,CM)) N (Pr(c(zsua)) - % B g) - (Pr(c(zswa)) - % B g)
]
2

€1 6 S 1) _ €1 £9 _ ) €1 _ €9 B ) é
< Nal-1 +to Nal—1 T3 Nal—1  yal-1 ~ 9 Yal-1 ol T3 9
€1 €9 £1€9
<31 1 ye—t 70 S2te-n (B.3)

By A <1, we get

€1 13} £1€2
B3) < Sgr=+ 3er7 T Jara
€11+ Ex2— €182
- T +5.

e opl,op2 = <. This case is analogous to the previous one.

e opl = > and op2 = <. In this case, we have Pr(C(z,,a)) > Pr(C(z,,a)) — yal=r — 61 and
Pr(C(zs,,)) > Pr(C(zt,, @) — s7et=r — d2. We can distinguish two cases:

— Pr(C(zs,)) > Pr(C(zt, ). Then we have

|Pr(C(zs, ) — Pr(C(zt, @))|
= Pr(C(zs,,)) - Pr(C(zs,, ) — Pr(C(2¢,, @) - Pr(C(zt,,))
< Pr(C(zs,,@)) - Pr(C(zt,, ) — Pr(C(zy,, @) - Pr(C(z,, @)
=Pr(C(z,,@)) - (Pr(C(zs,, @) — Pr(C(2s5,0)))
< Pr(C(zs,, ) — Pr(C(2sy,0))
o 9

Mal=1 " 9

€1+ €2 — €162

el T + 0.

— Pr(C(zs,)) < Pr(C(z,)). This case follows analogously to the previous one.
In both cases we obtained that Equation (B.1)) holds.

e opl = < and op2 = >. This case is analogous to the previous one.
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Summarizing, in all four cases Equation (B.1)) holds.
Consider now m}7%,,,, with x € {det,rand}. The strict non-expansiveness of m’q\ﬂ’r’ftbt follows by

A, X
my (51 s2, 81 (] 22))

A, A,
= max{hy7, (s1 || s2,f1 || t2), Wyl (B[] 22,51 || s2)} (B-4)

By the strict non-expansiveness of h%’r’ftbt proved above, we get

A A
(B.4) < max{h%}ftbt(sl,tl) + hé“)r),(tbt(SQ’t?) - hT})jtbt(Slﬂtl) : hT’r),(tbt(SQ’tQ)’
A, Ad A, A
e (f51) + i (f, 82) = i (f, s1) - Byl (2, 52) ) (B.5)

By h%’r’,‘tbt < m%’r’ftbt and the 1-boundedness of h%ftbt, we get
, Ad
(B.5) < max{m%’r),(tbt(sl’tl) + h'/}’r),(tbt<82’t2) - mi\“r),(tbt(sl’tl) ‘hTr,t;etgt(S%t?)v
A, A, A, A,
mTr),(tbt(tlv s1) + hTr),(tbt(t27 s2) — mTr),(tbt(tlv s1) - hTr),(tbt(t27 s2)} (B.6)

By the same reasons as above, we get

A, A,
(B.6) < max{m’i\"’r),(tbt(‘gl? t1) + m’)l\‘;)jtbt(827 t2) — mTr},(tbt(Sh t1) - mTr),(tbt(527 ta),

A x A x A x Ax
mT‘r,tbt(t17 s1) + mT‘r,tbt(t27 $2) — m’l"r,tbt(tl’ 51) - mTr,tbt(tQa s2)} (B.7)

By the symmetry of mi\[\’r)ftbt, we get

A, A, A, A,
(B.7) = mT (51, t1) + mip (52, t2) — miglp (s1,81) - mT (2, 62).

Appendiz B.4. Proof of Proposition[3
Proposition Assume a PTS P = (S, A,—) and processes s,t € S. Then:

dot tes~rand e g N 1

1. If P is fully-nondeterministic, then s ~37 Trosup

2. If P is fully-probabilistic, then s N%(;Esup te s Nfﬁr‘,‘fup tes~Et.

Proof of Proposition

1. In the fully nondeterministic setting the execution probability of each trace is either 0 or 1. Therefore,
for each trace a € A* and for each process s, we have that supz_cpes(s) Pr(C(zs, @) = 1 if and only
if s performs a; sUpz_ cges<(s) Pr(C(2s, @) = 0 otherwise. Since s ~N t if and only if s and ¢ perform

te s~ t

the same traces, it is then immediate to conclude that s ~%, o,

2. In the fully probabilistic setting each process has a single maximal resolution, which is the process
itself, thus implying that the equality on the supremal execution probability of each trace a € A*
becomes an equality on the execution probability of o on such maximal resolutions. Since s ~E ¢ if
and only if s and ¢ perform the same traces with the same probability, we can immediately conclude

that s ~%, o, ¢ < 5~ L.

O
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Appendiz B.5. Proof of Theorem[§
Theorem Assume a PTS (S, A,—), A € (0,1] and x € {det,rand}. Then:

1. The function hé‘:{sup is a 1-bounded hemimetric on S, with T, ., as kernel.

2. The function m%’r);up is a 1-bounded pseudometric on S, with ~¥, g, as kernel.
Proof of Theorem [8l

We show that for x € {det,rand}, the function h&\;’;up is a 1-bounded hemimetric on S, with T, o
as kernel. Directly from definition of m%’;up and of ~7, ,,, we also have that m%’r’;up is a 1-bounded

X

Tr,sup 88 kernel.

pseudometric on S, with ~
To prove that h* s a 1-bounded hemimetric it is enough to show that for each trace a € A*, the

Tr,sup
. A
function h&"*

Trsup 18 @ 1-bounded hemimetric, that is we need to show that

1. h%;:\s’l’;p(s, s) =0 for each s € S.

A, ,A,det A
2. h%r’sf;p(sl, 59) < h%,sus (s1,83) + h%’sffp(s?,, s9) for each sy, s2,83 € S.
The first item is immediate by Def.[I9] Let us prove the triangular inequality. We can distinguish two cases.

® SUDz, cRes(s;) PT(C(21, @) < SUPz, cRes(sy) PT(C(22, @)). Hence we have

h%}f‘s’l)lcp(sl’ 82) =0< h%;?\sfl(p(sl’ 53) + h%;?\s,l)l(p(s?” 82)'

® SUDz, cRes*(s;) PT(C(21, @) > SUDP z, cResx(s,) PT(C(22, @)). Hence we have

h%‘l’r?\s’;{p(slv SQ)
Al 1( sup  Pr(C(z1,a)) —  sup Pr(C(z2,a)))
Z1ERes*(s1) ZyERes*(s2)
= Al 1( sup  Pr(C(z1,)) — sup  Pr(C(z2,a))x sup  Pr(C(zs, a)))
Z1€Res*(s1) Zy€Res*(s2) ZzcRes*(s3)
= )\lo“*l( sup  Pr(C(z1,a)) —  sup Pr(C(23,a)))+
Z1ERes*(s1) Z3ERes*(s3)
Al 1( sup  Pr(C(zs,a)) —  sup Pr(C(z%a)))

Z3€Res*(s3) Z,€Res*(s2)

< h%?\s’::p(sl’ 53) + h%?:fp(s& 52).
The 1-boundedness property follows by A € (0,1] and

Pr(C(zs,a)) <1 for all @ € A*
= sup Pr(C(zs,a)) <1 forall a € A%, Z; € Res™(s)

ZsERes*(s)
= sup Pr(C(zs,0))— sup Pr(C(z,a)) <1forall a € A%, Z; € Res™(s), Z; € Res™(¢t).
Z,ERes*(s) Z;€Res*(t)

For the kernel, we have

s CF t<=Vaec A" VZ, € Res™(s) 32, € Res™(t) s.t. Pr(C(zs,a)) < Pr(C(z,a))

—=Tr,sup
—VaeA* sup Pr(C(zs,a)< sup Pr(C(z,a))
Z,ERes*(s) Z,ERes*(t)

= Vae A h%f:gflp(s,t) =0
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al,x _
< sup hyy 7 (s,1) =0
agAx

= h%’r’fsup(s,t) =0.

Appendiz B.6. Proof of Theorem[9

Theorem |§|. All distances h%;?;lzp, h%ﬁ‘:ﬁg , m%f;ip, m%;f:;lg are strictly non-ezpansive.
Proof of Theorem We start with h&\*}xsup» with x € {det,rand}. Our aim is to prove that for all
processes 1, S2,t1,t3 € S it holds that

W (1 [l sa,ty || £2) < AP (s1,t) + 0 (s, t2) — WS, (51, t1) - By (52, 12)

Notice that if h%’r’;up(sl || s2,%1 || t2) = O then there is nothing to prove. Hence assume that hr)f’r’fsup(sl I

s2,t1 || t2) > 0. If suffices to prove that for all € > 0 we have

Ax A,x A,x A,x A,X
thsup(Sl || 52, t1 || t2> < hTr,sup(sl’ tl) + h’I‘r,sup(S2’ t2) - h’I‘r7sup(Sl? tl) ’ h’I‘r,sup(SQ’ t2) t+e (BS)

Fixed any € > 0, in order to prove Equation we recall that by definition of supremum there is a trace
aec with b (s1 || s2,t1 || t2) < W05 (s1 || s2,t1 || t2) + 2. Let & > 0. We have

A X
hTr,sup(Sl H 827t1 H t2)

<hG O (s || 52t || t2) + €

Tr,sup
= Aloel=t sup Pr(C(ZS1HSzv ac)) — sup Pr(c(ztlutz;ae)) +e€
251HS2 GRBSX(Sll‘SQ) ZtlHt2 GRESX(tllltz)
= Aleel=t sup  Pr(C(zs,,ae)) - sup  Pr(C(zs,,0c)) +
2., ERes*(s1) Zs,ERes*(s2)
- sup Pr(C(zy,a:)) - sup  Pr(C(z,,aq)) | +e. (B.9)
Zy, €Resde(sty) Z;, €ERes*(t2)

with the last equality follows by the definition of resolution. We can distinguish three cases:

L SUPz, eRest(1)) Pr(C(zt,,0c)) > SUDZz, cRes™(s1) Pr(C(zs,,@c)). In this case we have:

(B.9)

< Mleel-1 sup Pr(C(zy,,ac)) - sup Pr(C(zs,, ac)) +
Z¢, €ERes*(t1) Zs,ERes*(s2)

—  sup  Pr(C(z,a)) - sup Pr(C(th,ozg))> +e

Z¢, €Res*(t1) Z¢,ERes*(t2)
— sup Pr(C(zt,,a:)) - Mael=1 < sup Pr(C(zs,, c)) — sup Pr(C(ztz,OzE))> +€
Z;, €ERes*(t1) Z,,ERes*(s2) Z, €ERes*(t2)

< sup  Pr(C(zy,0ae)) - h%;’s)‘u’;(sQ, to) +¢
Zt, €ERes*(t1)

< sup  Pr(Clzi,,a0)) -yl (sa,t2) + e
Zt, ERes*(t1)

A,
< hTr),(sup(527 t2) +e
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A,x X A,x AX
S hTr,sup(827 t2) + hTr,sup<817 tl) - hTr,sup(81> tl) : hTr,sup(SQ’ tQ) +e.

thus giving Equation (B.8), with the first step derived by inequality supz, cres<(t,) Pr(C(2e,,c)) 2
SUDz, cRes<(s;) PT(C(2s,; ac)), the third step by the definition of h%,’s)\d;;» the fourth step by the defini-
tion of h’T\\ffsup, the fifth step by Pr(C(zt,, a)) < 1 and the last step by the 1-boundedness of h’T\fsup.

2. SUDz, cResx(ty) PT(C(2t5, Q) 2 SUDz_ cRes(sy) PT(C(2sy, ). This case is analogous to the previous
one and also gives Equation (B.8)).

3. SUPz, cResx(s;) PT(C(2s;5 ) > SUDz, cRres(r,) Pr(C(2t,, ac)), for i = 1,2. In this case, since we have

< - I
h%r,su;(si7 t’b) = )‘lae‘ 1(SupZSiEResx(si) Pr(c(zsz ) aE))_SupZtiEResx(ti) PI‘(C(Zti, 045))) and h%‘r,su;(si’ tl) <

hff’fﬁp(si, t;), we infer
hA’X‘ Si, t;
sup  Pr(C(z,,a.)) > sup Pr(C(zs;, ) — %
Zy, €ERes*(t4) Z,,€Resdet(s;) Alee
which allows us to derive
(B.9)
<e+ Aloel=1 ( sup PI“(C(ZSI,QE)) : sup PT(C(zSZ7aE)) +
Zs, ERes*(s1) Zs, ERes*(s2)
hy (1, 1) h (2, £2)
- sup Pr(C(zs,,0c)) — % : sup Pr(C(zs,, ae)) — %
2., ERes*(s1) c Zs,ERes*(s2) N

h* (so,t
=g+ Mot sup  Pr(C(zs,,a.)) - 7“5‘“)('721 2) +
Zs, ERes*(s1) Aloe

h)\’x‘ s1,11 hA’X‘ S1,11 h)\’x, $9,t9
+ sup Pr(C(zSQ’aa)) . Tr,sup( . ) _ Tr,sup( : ) ) Tr,sup( : )
Z,, ERes*(s2) Meael— Aeel— N

A, A, A, A,
< hTr),(sup(Sl’ t1) + hTr),(sup(s27 tz) — hTr),(sup(sl’ t1) - hTr),(sup(S27 tz) +¢

thus giving Equation (B.8)) also in this case.

We conclude by observing that the strict non-expansiveness of m%’r’;up can be proved by exploiting the

ALx

. . . . Ax L.
strict non-expansiveness of h exactly as the strict non-expansiveness of My, Was proved by exploiting

Tr,sup
. . A
the strict non-expansiveness of h1.*, . (see Theorem . O

Appendiz B.7. Proof of Theorem[1(]
Theorem Let (S, A,—) be a PTS, A € (0,1], y € {dis, tbt} and d € {h,m}. Then dy"*"* < d}%".

Tr,y Tr,y

Proof of Theorem We show that in the trace distribution approach h%’rfzrilsd < h%’r(}gits and m%;iz?sd <

mi\ffgits. The fact that in the trace-by-trace approach we have h&\:tg? < hi\[ffgt and m%’i?ﬁ? < m%ftegt
follows analogously.
We start by proving that h%rrf;?: < h%fgits. Given arbitrary processes s,t € S, we have
h%fgits(s,t) = sup inf sup A1 Pr(C(24, ) — Pr(C(2, )|
Z,EResdot(s) ZtERes'(t) ac A
> sup inf sup A=Y Pr(C(z,, @) — Pr(C(z, a))|

ZsEResdet(s) Zi€Res ™4 (1) qe A
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= sup inf sup AYTHPr(C(z,, ) — Pr(C(z, )|
Z.EResrand(5) ZERes™ (1) acAx

_ p.Arand
- hTr,dis (87 t)
where:

e the second step follows by Res?®(t) C Res™"(#) and the fact that by evaluating the infimum over a
wider class of resolutions we can obtain a better approximation of the resolutions in Res®*(s)

e by letting f(zs) = infz,cpegrand(y) SUPgea+ [Pr(C(2s, @) — Pr(C(2¢, @), the third step immediately
derives from

— SUPz,_cResrand(s) f(Zs) = SUPz/eRestet(s) f(25). This derives directly from Res?®(s) C Res™d(s)
and the properties of suprema.

— SUPz, cRestand(c) [ (25) < SUDPz/cRester(s) f(25). This follows since the randomization consists in
a convex combination of the distributions reached by equally labeled transitions. More for-
mally, for each Z, € Res"(s) there is a set of indexes I s.t. for each a@ € A* Pr(C(z,,a)) =
> i1 PiPr(C(2L, o)) for weights p; € (0,1] with >,.; p; = 1 and deterministic resolutions Z} €
Res?*(s). Thus, given any £ > 0 and by definition of supremum

sup  f(zs) < f(z5) +e
Z,ERes™d(5)
= inf sup [Pr(C(zf,a)) — Pr(C(z, )| + ¢
Z,ERes™14(t) qc A*

= inf su iPrng,a —Pr(C(z,))| +¢
zicrithnay S22 | 2 PePrC(EL, @) = Pr(C )

< inf su iPrCzi,oz —Pr(C(z;, )| + ¢
e 3 3 PIPHCEL ) = PrC(asa))

< inf sup max |[Pr(C(z%, a)) — Pr(C(z, )| + €
<t sup max Pr(C(:l, ) = Pr(C(z o)

< max inf sup |[Pr(C(z%,a)) — Pr(C(z, )| +¢

i€l Z,eRes™d(t) qc A*
/
< s f(2) e
Z! €Resdet(s)

A,rand _ A,rand A,rand A,det A,det _ A,det

Then7 mTr,dis (S’ t) - rna“X{hTr,dis (S’ t)7 hTr,dis (t’ 8)} < rna“X{hTr,dis(s7 t)’ hTr,dis (t’ S)} - mTr,dis(s’ t)
Finally, the processes s,t in Figure E with s Nflff,‘éiis t, s Nfﬁf‘tdbt t, s %%‘ifdis t, s %%ﬁftbt t witness the

strictness of all four relations. O

Appendiz  B.8. Proof of Theorem[1]]
Theorem 11} Let (S, A, —) be a PTS, X € (0,1], x € {det, rand} and d € {h,m}. Then 3y, < dy,-

Proof of Theorem Let x in {det,rand}. We start with hemimetrics and show that hi}’rxtbt < h%’rxdis.

Given any processes s,t € S, consider the trace-by-trace hemimetric h%;xtbt(s, t) = SUPyea- h%ﬁt’;(s, t). We

recall that by definition of supremum, for each ¢ > 0 there is a trace a. € A* such that sup, ¢ 4+ h%)‘t’g‘t(s, t) <

h%j,’t)‘gf(s, t) + e. Hence, given any € > 0, we have

A, A
hTr),{tbt(‘S’t) = sup h%r,tl))(t(‘S’t)

acA*
<hf (s ) +e
= sup inf  Aeel=1Pr(C(z,, ar)) — Pr(C(z, )| + €

Z,ERes*(s) ZtERes* (1)
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< sup inf sup M1 Pr(C(2s, ) — Pr(C(z, @))| + ¢
Z,ERes*(s) Zt€Res*(t) acAx

A, X
= h7 (s, 1) + &

Since the inequality h%’rxtbt(s, t) < h%&rxdis(s, t)+e¢ holds for all € > 0 we can conclude that h%’rxtbt < h%’rxdis as

required. For the metrics, we get m%ftbt(s, t) = maux{h%’r’;bt(s7 t), h%‘r’ftbt (t,s)} < max{h%’r’fdis(s, t), h%ffdis(t, s)} =

A, x
mﬂ,dis(s, t).
Finally, we note that the processes in Figure [6] witness the strictness of all four relations. O

Appendiz  B.9. Proof of Theorem[13
Theorem Let (S, A,—) be a PTS, A€ (0,1] and d € {h,m}. Then d3ip = dy'st = dyyand.
Proof of Theorem We expand only the proof of the first item, namely for the case of hemimetrics.
The results on pseudometrics can be obtained as a direct consequence.

We start by showing that h2:%°" = h*** Ty this aim it is enough to prove that for each trace o € A*

Tr,sup — " Tr,sup*
we have
sup  Pr(C(zs,)) = sup  Pr(C(z}, a)). (B.10)
ZsEResdet (s) Z! €Res@1d(s)

First of all we notice that Res™"(s) = Res?(s) U (Res™9(s) \ Res"*'(s)), that is the set of randomized
resolutions for a process is given by the disjoint union of the set of the deterministic resolutions for that
process with the set of resolutions which are not deterministic. Thus,

sup  Pr(C(z},a)) = max { sup  Pr(C(zs,q)), sup Pr(C(2Y, a))}.
Z! €Res™@d(s) Z;EResdet(s) Z!’€Res™@?d (s)\Resdet (s)

As a consequence, to prove Equation (B.10) it is enough to prove that

sup Pr(C(z),a)) <  sup  Pr(C(zs,a)). (B.11)
Z!’€Res™@d(s)\Resdet(s) Zs€Resdet (s)

By definition of supremum, for each £ > 0 there is a Z. € Res™"(s) \ Res®(s) such that

sup Pr(C(z.,a)) < Pr(C(zc, ) +&.
Z!’€Res™@d(s)\Resdt ()

Then, given any € > 0, we have

sup Pr(C(z,a)) < Pr(C(z, ) + &
Z!’€Res™@d(s)\Resdt ()

=c+ Y piPr(C(z, )
i€l

<e+ Zpi Zsefs{lclfd)et(s) Pr(C(zs, )

= sup  Pr(C(zs,q)) +¢
ZsEResdet (s)

where the z; in the second step are the deterministic schedulers combined in the randomization by Z.. Since
the inequality holds for all € > 0, this concludes the proof of Equation (B.11)).

A,rand

A,rand
h Tr,sup*

Next we prove that h7; (), > h

0. Assume that h%;f:ﬁs(s,t) > 0. Given any 0 < £ < h%’;:gg(s,t), by the definition of supremum

The property hy;1d (s, ¢) > h%’fzﬂg (s,t) is immediate if hé{:ﬂg(S, t) =
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and by h%’r’iigf(s,t) = SUPye 4+ h%;:\t’g:md(s,t) we infer that there exists a trace a. with h%f’:ﬁg(s,t) <
h%;’;‘d;and(s, t) +¢. This allows us to derive

h 2 (s, t) < hGe A (s, 1) + ¢

= max {0, Aeael—1 ( sup Pr(C(zs, ) — sup )Pr(C(zt, as))> } +e

Z,ERes™@d () Z,ERes™and (¢

— )\‘O‘5|71 < sup Pr(c(zsa aE)) - sup PI'(C(Zt, Cts))> te

Z,€Res™@d(c) ZiERes™and (¢)

= inf Mael=1 sup Pr(C(zs,ac)) — Pr(C(zt,ae)) | +¢€
Z;EResrand (t) ZseResra“d(S)

< sup inf ATV Pr(C(z, ) — Pr(C(z, )| + €
Z,ERes 1 (s5) 2t cResand ()

R inf A<= Pr(C(z,, a)) — Pr(C(ar, o)) + &
a€A* Z cRes'@nd(s) Z,ERes™nd (1)

= hy (s, ) + e

with the third step by h?f;::‘u’;and (s,t) > 0. Then, since the inequality holds for all £ > 0 we can infer that

A,rand A,rand .
hTMbt > hTr’Sup as required.

Finally, we prove that h%f:&p > h&\‘ﬁgs . Notice that since in hi\[\::gs we consider the difference in the

execution probabilities of the processes on one trace per time, the action of randomized schedulers for a
process s can be subsumed by saying that they can assign to each trace o any probability that can be
expressed as p - SUP z_cRegdet () PT(C(2s, @) with p € (0,1]. Thus, for a given ¢ > 0, we have

h)\,rand (8, t)

Tr,tbt
< BTt +e
= sup inf Me<l=HPr(C(2), a.)) — Pr(C(zl, a.))| + ¢
Z! €Res™@d(s) Z{€Res™nd (1)
= sup inf NeI7Hp.  sup  Pr(Clzs,ac))—q-  sup  Pr(C(z, o)) +e. (B.12)
pe(0,1] 9€(0,1] Z,EResdet (s) Z,EResdet (1)

We can distinguish two cases:

® SUDz cResiet(s) PT(C(2s, @) < SUPz, cpesier (1) PT(C(21; ). In this case, for each p € (0,1], ¢ =
e’ P C s e . . .
P —oZscReslets) r(cgt;)))) gives (B.12) = 0 and thus h&\f’?gg < 2% immediately follows.

SUP z, cResdet (+) Pr( — “Tr,sup

® SUDz cRestet(s) PI(C(2s, Q) > SUPz, cResterr) PT(C(2t,ac)). Then the sup-inf distance in (B.12) is
obtained by choosing p = ¢ = 1 as p has to maximize the difference, whereas ¢ has to minimize it.
Thus we get

BIP =AY  sup  Pr(Clzsa))—  sup  Pr(Cleac))| +e

Zs€Resdet (s) Z,€Resdet (1)

— )lael-1 ( sup Pr(C(zs, ) — sup Pr(C(zt, O‘E))) +e

Z;EResdet(s) Z,EResdet (1)

< sup ATt sup  Pr(C(zs,a))—  sup  Pr(C(z,a)) | +¢
aEA* Zs€Resdet(s) Z,EResdet ()
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=hy% (s,t)+¢

Tr,sup

h)\,rand

and since the inequality holds for all € > 0 we can infer that hyy 1 < h%ffﬁp as required.



APPENDIX C PROOFS OF SECTION 45

Appendix C. Proofs of Section

Appendiz C.1. Proof of Theorem[13
Theorem Let (S, A,—) be a PTS, X € (0,1], x € {det,rand} and y € {may, must, mM}:

1. The function h%ﬂgy is a 1-bounded hemimetric on S, with T, , as kernel.

A, x

2. The function my;

is a 1-bounded pseudometric on S, with ~%, . as kernel.

Proof of Theorem The proof is analogous to that of Theorem O

Appendiz  C.2. Proof of Theorem[T]]

. w,det w,rand w,det w,rand .
Theorem Lety € {may, must, mM}. All distances hTe’y , hTe’y s Mgy o, My, S are non-erpansive.

Proof of Theorem Assume z € {det,rand}. We expand only the case of h%’;(may, since the case for

A,X A,x

Te,may? mTe,must

result on the respective hemimetrics and the cases of h%‘me and m%gmM follow from the previous ones.
First of all, we notice that since we are considering fully synchronous parallel compositions, for any

s,t € S and o € O, we have

h’j\%xmust can be obtained analogously, the cases of m follow as direct consequences of the

(o) o0
sup A"_lPr"(SC(zSHt,O)) = sup A"_lPrn(SC(zS,t”O))
ZSHMO€RGSX(SHt,O) 712::1 ZsytHOGReSX(S,tHO) ;
= sup D O XTIPIM(SC (21,4 0))- (C.1)

ZtYSH(,EReSX(t,sHo) n—1

We can proceed now to prove that for any sq, s9,t1,t2 € S and 0 € O

A, X Ax A,x
hTe,may(Sl | s2,t1 || t2) < hTe,may(Sl’tl) + hTe,may(527t2)' (C.2)
We recall that by definition of supremum, given ¢ > 0 there is a test o, € O such that h%gfmay(sl I s2,t1 |
ta) < hOT:i‘r’l’;y (s1 ]| s2,t1 || t2) +&. Hence, to prove Equation (C.2)) it is enough to prove that, for all ¢ > 0 it
holds \ R
=, A X ;X ,X
ha oy (81 1182, ([ £2) < hgl o (s1,t1) +hl,, (s2,t2). (C.3)
For simplicity of notation, let o, = o. Clearly if h%’e):;:ay(sl || s2,t1 || t2) = 0, then there is nothing to prove.
Hence, assume that hfli,::’r;(ay(sl | s2,t1 || t2) > 0. We have
JALX
b ey (51 [ 52,81 [ 22)
(o) oo
- sup D OXTIPIMN(SC (24, s000)) — sup D O ATTIPIM(SC 21y 1t,.0))

251 HSZYOGRGSX(Sl ||s2,0) Ztl ”t2YO€ReSX(t1 [[t2,0) n=1

n=1

= ( sup Z A”flPr"(SC(zslnsbo)) — sup Z A"lPr”(SC(zSﬂ”l)o))) +

Zsl HSQ,OGRESX(Sl HS210) n=1 Zszﬂtl,oeResx(SQ Htl 10) n=1

o0 o0
sup AP (SC (2, It1,0)) — sup AP (SC (% l[£2,0))
(Zsztl‘OGResx(sﬂtl,o)nz_:l 2 Ztlth)oGResX(t1||t2,o)7; H
(C.4)

By Equation (C.1)), we get

" = ( sup Z AnilPrn(SC(zshszHo)) - sup Z Aanrn(SC(zn,szlo))) +
Z

51,590 ERes™(s1,52[[0) ;, Zt1 550 ERes™ (t1,52]|0) ;¢
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(z sup Z A"_lPr"(SC(stlHo)) — sup Z A"_lPr"(SC(ZtQ,tl |o))>

s9.t1 [loERes* (s2,t1]0) . =1 Zio 41 l0 ERes™ (t2,t1]]0) ;1

_ hSZHO’A’X(Sl, tl) + htl”o’)\’x(82, tz)

Te,may Te,may
A,x A,x
< th,may(Slﬂ tl) + th,may (527 t2)'
O
Appendiz C.3. Proof of Theorem[19]
Theorem Let (S, A,—) be a PTS, X € (0,1] and x € {det,rand}. Then:
1. The function hé‘gtbt is a 1-bounded hemimetric on S, with T, 1 as kernel.
2. The function m%g(tbt is a 1-bounded pseudometric on S, with ~%, . as kernel.
Proof of Theorem The proof is analogous to that of Theorem [6] O

Appendiz C.4. Proof of Theorem[1g]

. A,det A,rand A,det A,rand . .
Theorem All distances hTe,tbt, h e s M by Mg gy G7€ strictly non-expansive.

Proof of Theorem We expand only the case of the hemimetrics h%’;ftbt, with x € {det,rand}. The

. A,x . . . .
cases of pseudometrics M7y Are an immediate consequence of the same property for their asymmetric
versions.

We have to prove that for all s, so,t1,t2 € S we have:

h%’o)jtbt(sl | s2,t1 [ 22) < h’i\“gtbt(shtl) + h’/})c)ftbt(s%tQ) - hg\rgjtbt(shtl) : hg\rgjtbt(527t2)~

Let s1,82,t1,t2 € S. Indeed h%gtbt(sl | s2,t1 || t2) = sup,co SUPLe A+ h%’gég;’((sl | s2,t1 || t2). Hence, by

definition of supremum, for each € > 0 there are a test o. € O and a trace a. € A* such that
hrjA[Je)’(tbt(Sl H S2,t1 H tg) < h%ge’ftxgéh’x(sl || Sa,t1 || tg) + €.
‘We will then show that:
his g t || t2) < hyy" t1) + hy" to) — hy" t1) - hy t C.5
Te,tbt (s1 ] 82,81 [| t2) < Tc,cbt(sla 1)+ Tc,tbt(82> 2) Tc,tbt<51a 1) Tc,tbt(827 2). (C.5)

The thesis will then follow by the fact that the inequality h%;;‘tbt(sl | s2,t1 || t2) < h%gtbt(sl,tl) +

A A A
thftbt(SQ, ta) — thftbt (s1,t1) - thftbt (s2,t2) + € holds for any ¢ > 0.
For simplicity we denote o. by o and a. by a. We have that:

W32 (st || s2,t | t2)

= Aol sup in
Z, lon,0CRESE  (51]]52,0) Bty lltn,0CREST Ak (t1]]E2,0

max

: [Pr(SC(2s, 55,0, @) — Pr(SC(24, 15,0, ). (C.6)

sl

max(S1,0q) and Zg, , €
Resy, .y (82, 0) such that Pr(SC(zy, |s,,0, @) = Pr(SC(zs, 0, , @)) - Pr(SC(zsy,0, @), where 0, is the determin-
istic test reaching the successful state just after the trace a. Considering ¢; and ¢; in place of, respectively,
s1 and s9, we obtain an analogous result. Hence:

We can observe that for any Z; s, € Resy . (s1 || s2,0) there exist Z, ., € Res}

([TB) = Aot sup sup inf inf

Zs, 00 EResX, (51,00) Zsy,0EResE ,, (52,0) 241,00 ERESE L (81,00) Zty,0E€Res],, (t2,0)

max max

IPr(SC(2s, 04, ) - Pr(SC(2s,,0, @) — Pr(SC(24 0, , ) - Pr(SC(21, 0, @)
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< Alel=1 inf inf
24y, oaeRe%’r‘nax(fl,oa) Zi,, OGRe%’r‘nax(tQ,o)

[Pr(SC(z, 0., @) - Pr(SC(z, o, )) = Pr(SC(21),0,,0)) - Pr(SC(2t,,0, @) | + &'
< AL Pr(SC(25, ,, @) - Pr(SC(2, ) — Pr(SC(], ,, . ) - Pr(SC(z{, o, )|+ (C.7)
where
e the second step follows by definition of supremum with respect to a chosen &’;

e the third step follows by noticing that by definition of infimum, for each § > 0

— for the chosen resolution Z§1 0. € Resk. (s1,04) there is a resolution Z} , € Resl . (t1,04)
such that |Pr(C(z¢ 25, 0nr @) — Pr(C(z751 0nr )| < Te)f‘b;ifsitl + 0,
— for the chosen resolution Z; o € Resmax(sz7 0) there is a resolution ZJ , € Res),.(t2,0) such
o,tbe (52,12)
that [Pr(C(25.. ., a)) — Pr(C(2f, o, )| < MEowele2ta) s

We can then distingulsh four cases:

o Pr(SC(z¢ a)) > Pr(SC(tho ,a)) and Pr(SC(z. ,,a)) > Pr(SC(z}, ,, «)). Hence:

9103

@) <=t (Pr(SC(=4, ) - Pr(SC(25, 0 0)) -

h)\’ex b (Sl,tl) h)\:gx b (SQatQ)
(PHSCIE ) — et b —5) (Pr(SC(:2, ) — —Tep 22 —6) +e

52 o0’

hA’ex (Sl,tl) h)\g( (Sg,tg)
— Alol=1. ((T;b;l_l +38) - Pr(SC(:Z, ) + (52— +9) - Pr(SO(=1, . ) -

h%’extbt (s1,t1) h%’extbt (s2,t2) ,
( Nol-1 +5)'< Nol-1 ”) te

A, A, A, )
< plal-1. hTe),(tbt(sl’tl) hTe),(tbt(527t2) B hTe)ftbt(sl’tl) hTe bt (52, 12) 2.5 +¢&
- Meal—1 Aeal-1 Meal-1 Meal—1
) A, A, A,
< hTe et (515 01) + hTe),(tbt(SQ’ t2) — hTe)ftbt(Sh t1) - hTe)ftbt(SQ’ ty) +€' +2-0
and since the mequality holds for any €', > 0, we can conclude that Equation holds in this case.

e The case of Pr(SC(zg, , ,)) < Pr(SC(thoa,a)) and Pr(SC(zZ, ,,a)) < Pr(SC(2), ,,a)) is analo-
gous to the previous one.

e Pr(SC(z¢ , ,a)) > Pr(SC(z} ,.,a)) and Pr(SC(z:

QQ o’

@)) < Pr(SC(2}, ,, )). Hence:

S1 Oq’?

[CT) <A1 Pr(SC(#, 4, 0)) - (Pr(SC(=5, @) = Pr(SC(#, o, ) ) + ¢’

WS (s1,t
< )\‘04*1 . (Te,tbt(ll) + 6) +€’

82 o0’

Mal=1

< h:\fe tbt(slﬂ t1) + h%;’fcbt(sm ta) — hffgftbc(slv t1) - h%;)ftbc(s% ty) &' +9

and since the inequality holds for any €', > 0, we can conclude that Equation holds also in this
case.

e The case of Pr(SC(zg, ,, »
gous to the previous one.

a)) < Pr(SC(z] ,.,)) and Pr(SC(z2 ,,)) > Pr(SC(z}, ,,a)) is analo-

82 (o2

O
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Appendiz  C.5. Proof of Theorem [17]
Theorem Let (S, A,—) be a PTS, X € (0,1] and x € {det,rand}. Then:

1. The function h%gfsup is a 1-bounded hemimetric on S, with T ., as kernel.

X

Te,sup @5 kernel.

2. The function mff’exsup is a 1-bounded pseudometric on S, with ~

Proof of Theorem The proof is analogous to that of Theorem O

Appendiz  C.6. Proof of Theorem[1§

. A,det A,rand A,det A,rand . .
Theorem All distances hTe,sup’ hTe’sup, M7y, e M gup 7€ strictly non-expansive.

Proof of Theorem Similarly to the other theorems above we prove only the case for h%’cxsup with
x € {det,rand}, since the other is a direct consequence of the definition of mff;exsu .

This case can be proved by following the same reasoning as for the proof of Theorem [I6 and by observing
that for each s1,s0 € S, 0€ O and o € A*:

sup Pr(SC(zslez,oaa))
Zsy 55,0 ERes} 1 (s1]l52,0)
= sup Pr(SC(zs, 0., )) - sup Pr(SC(zs,,0,))
Zslvoa ERes;ax(slvoa) ZSQ,OGRGS:(I);LX(SQ’O)

Appendiz  C.7. Proof of Theorem[I9
Theorem Let (S, A,—) be a PTS, A € (0,1], w: O — (0,1], y € {may, must, mM} and d € {h,m}:

w,rand __ jw,det
1. dgrnd = agltet

Arand A, det
2. dyne < Ay e
Ayrand g A,det
3. dTe,sup - “Te,sup-”
Proof of Theorem We expand only the case of must hemimetrics. The proofs for the other cases
follow by applying an analogous reasoning.
To prove that h%fﬁfust = h%;?:fst, it is enough to prove that for any process s € S and for each test o € O
it holds that infz  creet (5,0) PT(SC(25,0)) = infz  cregrand(s,0) Pr(SC(25,0)). Let s € S be an arbitrary
process and o € O an arbitrary test.

First of all we notice that, by the properties of infima, Res? (s, 0) C Res™d(s, 0) implies

oo o

inf > AT PrY(SCozs,)) > inf D> AT PrY(SCozs,0))-

Z,,0€Resdet (s,0) ot Z,,0ERest22d(s,0) ot

Next we prove that also the opposite inequality holds, namely that

inf AP P (SC(zs,)) < inf AP P (SC(2s,0)).
zs,oeResg,e;x(s,o); (8C( ’))7Zs.oEReSf,?§f(Sa0); (8C(zs,0))

We have

inf AL Pr(SCozs 0
)Z (SC(zs,0))

Z,,0€EResI22d (5,0

max

n=1
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oo
inf E AL Pt (SC( E pizt )
YierriZi, — : ’

ngOEResdet (s,0) n=1 i€l

max

00
— it Y AL P(SC))
YierpriZi o el n—1l ’
2} eResdet, (s,0) v =

oo

inf ; inf AL Pr(SC(zs,0
in sz in Z 1" (SC(zs,0))

pi€(0,1],5°,c; pi=1 icl s,0EResdet (s,0) ot

= inf > AT Pr(SC(zs.0))-

Z,,0EResdet (s,0) ot

v

Proof of Theorem [19][2] The proof is similar to that of Theorem [10]in O

Proof of Theorem The proof is similar to that of Theorem O

Appendiz  C.8. Proof of Theorem[20
Theorem Let (S, A,—) be a PTS, X € (0,1], x € {det,rand} and d € {h,m}:

A X A, x A,x A,x
1. dTe,may < dTe,mM and dTe,must < dTe,mM'

2.dN. < dNf

Te,sup Te,may *

AX A, x
3. dTe,sup < dTe,tbt'

Proof of Theorem The thesis follows directly from definition of h)* M and mf‘r’e’me:

T:s,m
A, A, A,
hTe),(mM (S’ t) = ma‘X{hTe)fmay (87 t)’ hTe)fmust (8’ t)}
A,x

A, A,
mTc,mM(S’ t) = max{mTc),(may (5’ t)7 mTc),(must (S’ t)}

O

Proof of Theorem EE We show that h')féxsup < h%:xmay. The proof for the case of the metrics is similar.

Given a test o € O, we can consider the test o | a where all the states that in o that are not reachable via
« are made unsuccessful. We have that:

A,
hTe)fmay(& t)
o0 o0
= sup max {0, ( sup Z AL Pr™(SC(zs,0) — sup Z At Pr"(SC(ztyo))}
0€eO Z,,0€Res% . (5,0) ne1 Z¢,0€ResX . (t,0) n—1
> sup sup max{O, ( sup Ael=1prlel(SC(z o10) — sup )\\al—lprlal(sc(zt’om))}
0€0 ae A* Zs,0,a€ResE  (s,0la) Z¢ 0ia€ResY  (t,0la)
= sup sup max{O, ( sup )\lo“_lPr(SC(zS,om,a) - sup )\la‘_lPr(SC(zt’ow,a))}
0€0 aeA* Zs 01a€ResY  (s,0la) Zi o1a€ResY  (t,0la)
= sup sup max {0, )\‘O‘lfl( sup Pr(SC(zs,0, ) — sup Pr(SC(zt,0, a))}
0€0 ac A* Z5 0€Res%  (s,0) 2 0€Res%  (t,0)
A,X
= hTe’sup(s7 t).
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O
Proof of Theorem We show that h%;fsup < h%’e’ftbt. The proof for the case of the metrics is similar.
A, X

hTe,sup(S’ t)

Sup sup max {O, /\|O‘|_1< sup Pr(SC(zs,0,)) — sup Pr(SC(zt,0, a)))}

0€0 ac A* Z; 0€Res%  (s,0) 2 0€ResY  (t,0)

sup sup sup inf max {0, Alol=1 (Pr(SC(zsyo, a)) — Pr(SC(zt,0, a))) }

(s,0) Zt.0€Res} (t,0)

<

0€0 acA* Z, ,EResX

max max

sup sup sup inf )\‘al_l‘Pr(SC(zS7o,a)) — Pr(SC(zt,ma))‘
0€0 a€A* Z, ,€ResX, (s,0) Zt.0€Resy ((t,0)

max max
A,
hTe),(tbt (s,t).
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Appendix D. Proofs of Section [6]

Appendiz D.1. Proof of Theorem [2]]
Theorem Let (S, A,—) be a PTS, X € (0,1], x € {det,rand} and d € {h,m}:

1ohyS,,, < shrend

Te,may
2. For all s,t € S it holds h%’exmust(t, s) < rMrand (g ) and there are u,v € S such that h%;xmust(u,v) <
I.)\,rand (U, u). ’ '

A% A,rand
Jomip oy < b .

A,rand A,rand A,rand A,rand
4. hrmtbt <r and mrp, iy < b .

A, X A, X
5. dg b < AT bt

A,X o 3AX
0. dTe,sup - dTr,sup‘

Proof of Theorem |21}f1} Since in Theorem We proved that h%® = h2™ to prove the thesis it is

Te,may Te,may’
A d
enough to show that s**ard > hT;?Say.

With abuse of notation, given k € N, we write

hhrend(s, ¢)

k k
= Sup max {O, (Z sup Z )\"—1 . PY”(SC(ZS,O)) _ sup Z )\n—l . PTn(SC(Zt,O)))}

0€0 s,0ERes; N (5,0) n—1 Z1,0ERes N (t0) i1

so that hl%’CAl’;?y]d(s,t) takes into account only the differences of s,¢ that can be tested in the first k steps.
Notice that hf‘rngy(s,t) = limp_ oo h%)‘r’;zgd(s,t). Therefore, to prove the thesis, we prove the stronger
property that

for each k € N, sp™ (s, 1) > hihrand (g 4, (D.1)

Te,may

The thesis will then follow by Proposition 2] and the monotonicity of the limit.
We proceed by induction over k € N.

Consider the base case k = 1. It is easy to check that

T .
&may 0 otherwise

M (g )l (o ) {1 if init(s) & init(1

and thus Equation (D.1]) directly follows.

Consider now the inductive step k > 1. If hf}ﬁ;ﬁiid

notice that h¥**™ (s t) = 1 iff s and ¢ are distinguished by a test of depth 1, namely iff init(s) Z init(¢)

(s,t) = 0, then there is nothing to prove. Moreover,

Te,may
and thus iff s, (s, t) = 1. Hence assume that 0 < hl}’e)";;z;d (s,t) < 1. We have

k,\,rand
th,rrrlzI; (S, t)

max max

k k
= sup ( sup Z A Pr(SC(zs,0)) — sup Z AL Pr”(SC(zt,o))> (D.2)

Y=te) Z, 0E€Res™and (5 o) el 2, 0€ERes20d (¢,0) el
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By definition of supremum, given ¢ > 0 there is a test o. € O such that sup,co hf}zﬁ’aryand(s,t) <
’{Qﬁ;i;and(s, t) + . Therefore
k k
D-2) < sup D AT PrY(SCozs,0,)) — sup D AT PrY(SCozi.,)) + 4D.3)
Zs,0e GRGS;?:)?(S:OE) n=1 Zt,0e ERES?;?:)?(LOE) n=1

By rewriting the first transition step of each resolutions explicitly in terms of the probability distribution
that is reached, we get

k—1

(D.3) = sup sup Z ()\ Ts0.(8,0') sup Z At oPr"(SC(zs/ﬁ/))) +

a€A o, Ederce(s,oc,a) §'€8,0' #£1/€0 Z o €Resi2Rd(s7,0) 1,1

max

+ Z A T‘—S’Oa(slv \/)} +

s’eS
k-1
— sup sup Z ()\ T, (1, 0") - sup Z Ant Pr”(SC(zt/,O/))> +

ac A Tt,0e Ederct(tyosaa) t’eS,o’;é\/eO Zt/,O/GRESra“d(t’,O/) n=1

max

)N T () \/)} te (D.4)

t'eS

By definition of supremum, given any €; > 0 we let 75 and 7,_ be such that

k—1

sup Z (}\7_[_8705 (5/’0/) sup Z )\anrn(SC(Zs/p/))) —+ Z )\71'8705 (3/7 \/)

Ts,00 €Ederct (8,06 ,a) 5'€8,0'#/€0 2. o EResiZd(s7,0') ;1
k—1

S (xfrs(s’)frog(o') sup ZA“1Pr”<sc<zs/,o/>>>+ZA7~rs<s'>froEw>+el

$'E€S,0'#/EO Zor o €Resr2nd (s7,0’) n=1

max

Then we let ¢’ = ¢ + &1, and we get

k-1
[D.4) < sup Z ()\ 7s(8") - 7o, (0) - sup Z Anl ~Pr"(SC(zs/7o/))> +

€A | yes.0£ /€0 2. ot EResERN(57,0) 1

k-1
— sup sup Z AT, (,0)) - sup Z N PY(SC(zp o)) | +
a€A o, Ederc(t,0c,a) VES 0 £/€0 Z41 o EResi2nd (¢ 07) )
3N () w} v (D.5)
t'eS

We choose an arbitrary distribution 7 ,. to substitute the supremum. To choose such a distribution we

exploit the distribution 7,_ selected at the previous step and then we exploit the definition of infimum

which guarantees that for each e5 > 0 there is a distribution 7; such that inf, cder., (,a) K(szf?nd)(frs, ) >

K(sif?nd)(frs, 7¢) — €2. Then we let £’ = &’ — €5, and we get
k—1
(D.5) < sup Z ()\ 75 (') - o, (0) - sup Z Ant ~Pr"(SC(zs/’O/))> +

acA $'€S,0'#£,/€O Zs/,o/EReSra“d(s’,o’)

max n=1
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+ 3N E(S) -frosm} +
s'eS
k—1

— sup Z (/\ () - o, () - sup Z AL Pr"(SC(ztfyof))> +

€A | s 0£/€0 Zy1 ot €EResERA (t/,0) n 1

max

AR ~froa<¢>} e (D.6)
t'eS

By noticing that since hl}g‘l’;z;d(s,t) < 1, we are guaranteed that » s AT, (s")7,o (V) = Ao (V) =

Y oves AT(t) o, (v/), we get

k—1

(D-6) = sup > (/\ - 7s(s")  To (0) - sup oA ‘Pr"(SC(Zs’,o'))> +

a€A $'€8,0'#,/€0 Zs’,o' GReSrand(S’,O’) n=1

max
k—1

— sup Z ()\ () - T, () - sup Z Anth Pr”(SC(thO/))> +&” (D.7)
acA ﬂES,O';ﬁ\/EO Zt,yo,eReSrand(t/’O/) el

max

By choosing v = argming, con (s, 7,) K (s34 (775, 1), we get

k—1
(D7) = sup > (A-(Zm(s’,t’))-ﬁ%(o’)- sup ZA”—l-Prn(SC(zs,,o,))> v

a€A §'€8,0'#,/€0 t'es Z. s €Resi2d (s7,0") [,

max

k-1
— sup Z (/\ ( Z (s, 1)) - 7o (o)) - sup Z At Pr"(SC(ztlyo,))> + "
€A | s, 0£/€0 s’eS Z1 o €ERestEnd (¢ 07) [ T

k-1

= sup Z A-rw(s' t) T, (o) - ( sup Z N PY™(SC(zer 0 )+
a€A §,H1€8,0/#4/€0 Z, o €Rest2d(s/,0") ;1

k—1
- sup Z AL Prn(SC(ztlyo/))> +&”

Zt’,o/ EResrand (t',0") n=1

max

IN

k—1
sup Z A-to(s',t') - sup - sup Z AL P (SCozsr )+
a€A s ES o€0 ZszﬁoGResig‘gg(s’,o) n=1
k—1
n—1 n "
- sup Z A" Pr (SC(zt/p))) +e

Zy ,€Rest20d(17,0) ,, 1

max

=sup Y A-w(s,t) b (s ) + e (D.8)
aeAs’,t’ES

By induction over k — 1 we get

(D.§) < sup Z A-to(s', ) -szfind(s’,t’) + & (D.9)

€A ves
By the choice of 1o we get

(D.9) = sup A-K(sp 2 (7, 7y) + € (D.10)
a
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By the choice of 7; and 75, we get

(D.10) < sup  sup inf A K(sp ) (7, 7)) 4 €
a€A g edere (s,a) m€derct (t,a)
A,rand

=8, (s, 1) + €.

Since i mand (s 4y < si’mnd (s,t) + ¢ holds for all € > 0, we can conclude that Equation (D.I]) holds. O

Te,may

Proof of Theorem [21}f2} Since in Theorem |19 we proved that h %" = hX™ to prove the thesis it

Te,must Te,must’
. A d
is enough to show that (s ) > hy T (¢, 5).

With abuse of notation, given k € N, we write

hk7x\,rand (t, 8)

Te,must

k k
= sup max {O, ( inf Z A PY™(SC(zt,0)) — inf Z Al -Pr"(SC(Zs,o))>}

0€e0 Z; o€Rest2nd (¢, 0) Zs 0€Res22d(s,0)

max n=1 max n=1
so that h’%?;jgg (t,s) takes into account only the differences of ¢, s that can be tested in the first & steps.
Notice that h%gi?fst(t, s) = limg 00 hi}g‘;ﬁiﬁf (t,s). Therefore, to prove the thesis, we prove the stronger

property that
for each k € N, 13" (s,t) > W50t s). (D.11)

Te,must

The thesis will then follow by Proposition 2] and the monotonicity of the limit.
We proceed by induction over k € N.

Consider the base case k = 1. It is easy to check that

1 if init(s) # init(t)
A,rand 1,A,rand

r s S, t — h 1\ t7 S) =

1 (s,1) Te,must (t,5) {0 otherwise

and thus Equation (D.11)) directly follows.

k,\,rand

Consider now the inductive step k& > 1. If h (t,s) = 0, then there is nothing to prove. Moreover,

Te,must
notice that h’{@éﬁ:ﬁ (t,s) = 1iff t and s are distinguished by a test of depth 1, namely iff init(s) # init(¢)
and thus iff r}™% (s, ) = 1. Hence assume that 0 < hl}g‘;;ig?(t, s) < 1. We have

hk,)\,rand (t, S)

Te,must

k k
= sup < inf > AT PrY(SC(a,0)) — inf ZAM.PW(SC(%,O)O (D.12)

0€0 \ Z¢,0€Rest224(¢,0) 2, ,ERes™and

max n—1 T (5,0) n—1

k,o,A,rand
Te,must

By definition of supremum, for each € > 0 there is a test o. € O, such that sup,coh (s,t) <

hk,og,)\,rand(s’ t) + €. Therefore

Te,must

k k
(D12) < inf A" Pr(SC(z - inf A" Pr(SC(z +¢e(D.13
‘ ' Z¢,0. EResI223(t,0¢) ngl ( ( hoe )) Zs,0. ERest22d(s,0.) ngl ( ( 08 )) ( )
By rewriting the first transition step of each resolutions explicitly in terms of the probability distribution
that is reached, we get

k—1
D.13) = su inf X T (H,0)- inf AL P (SColzy o)) | +
O3 =swp ~ nf t/gg%@( o)l 2 (SC(er.))

max n=1
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Y Ao (1 \/>} +

t'eS

max

k-1
— sup inf Z <)\ Ts0.(s',0") inf Z A Pr™(SC(zyr o ))> +

d
a€A Ts,0. €derce (s,0c,a) SES.0TRJEO Z o EResARd (87 0/)

Z/\ Ts 0. (5 )}+s (D.14)

By definition of infimum, given any £; > 0 we let 75 and 7,_ be such that

k—1

inf Z (/\71'5’05(8/,0) sup Z)\n_lpr (SC(zs o ) + Z A 0. (8,

Ts,0e €derct (s,0¢,a) S’GS,OI#\/GO Z, ’ /ERebra"d(é O) =1 s'eS

max

k—1

> Z </\7?5(3’)7?05 (o) sup Z/\"%Pr (SC(zs 0 > + Z As(s )70, (V) — €1

S'€8,0'£/€0 Z1 gr€RestENA(s7,0) ;y 1 oS

max

Then we let ¢’ = ¢ — 1, we get

k—1
(D-14) < sup inf > Ao (t,0) - inf Z)\” L Pr(SC(zv o)) | +
a€A Tt 0. €derct (t,0¢,a) 18,0/ 2/€O 2y, o EResFRI(t,07) £

+ Aot w}

t'eS

k-1
— sup Z ()\ - 7s(s") 7o () - inf Z AL Pr(SCo(zy 0/))> +

acA $'€8,0'#£,/€0 Z, ’, /GRCS“’”"}J(S O’)

+ DA F(S) mm} +e (D.15)

s'eS

We choose an arbitrary distribution 7,  to substitute the infimum. To choose such a distribution we
exploit the distribution 7,_ selected at the previous step and then we exploit the definition of infimum

which guarantees that for each e5 > 0 there is a distribution 7; such that inf,, cger.,(t,0) K(rz r?nd)(ws, ) >

K(ry"4") (75, ) — €2. Then we let ¢’ = &/ — &5, and we get

max

k—1
(D.15) < sup > ()\-ﬁt(t’)%oe(o')- inf Z/\” L Pr(SC(zy, ,))> +

=z Resrand t’ o’
w€A | s oz /eo +/,0r EResIIL (,07) =

+) A w() -m(%)} +

t'eS

max

k—1
— sup > (A.er(s’).ﬁoE(o’)~ inf Z/\” L. Pr(SC(zs 0))) +

acA §'€S,0'#/€0 Z1 o, €EResi2nd (s o’)

+Z)\ (s 7105(\/)}4—5” (D.16)

s'eS



APPENDIX D PROOFS OF SECTION 56

By noticing that since h% (s ¢) < 1, we are guaranteed that > yes Ms()To (V) = Ao (V) =

Te,must

2rres A () To. (v/), we get

k—1

-D']‘6 = su E )\ T t/ ° No OI . lnf )\’I’L*]. . P n SC /o +

‘ ' aeg ( ﬂ—t( ) " €( ) Z,1 s ERest22d (¢’ 0") Z : ( (Zt ’ ))
t'€S,0'#/€0 ’ n=1

k—1

~ / ~ / . n—1 n 1
- 21613 Z (A Fols) - Foc (0) - Z. O,eRgslrfand(s,}o,) Z A Pr (SC(ZSCO’))> +¢(D.17)
s'€8,0'#/€0 ’ n=1

max

By choosing v = argmin,, con(s, 7, K (ry "8 (775, 7 ), we get

k—1
(D.17) = sup > (X(Zm(s’,t’))-%os(o’y inf ZAM.Pr"(SC(zt/,O/))> +

rand (¢/ o/
@€A | pes,o£ye0 s'eS Zvr,or CROSL (00 1 3

k-1
— sup Z ()\ ( Z (s, 1)) - 7o (o) - inf Z P Pr”(SC(zs/,o/))> +¢&”

rand (¢/ o/
1€A | sreso£ye0 es 2,0, ERes (5" 0) £

k—1

= sup Z Ato(s' b)) T, (o) - ( inf Z N PY™(SC(zp o))+

rand (¢/ o/
acA 8’,t'€3,0’75\/60 Zt’,o’eResmax (t ,0 )n:1

k—1
- inf AP P (SC(ze o)) | +&”
ZS/YOIERes;;‘{;‘f(s’,o’) 712::1 ( ( s ))>

IN

k—1
su A-w(s', ) sup - inf AL P (SC(zp o))+
sp 2, Al sup <ZR<> 2 (8C()

max n=1

Z. ,EResi2d (5,0 =1

max

k—1
- inf : ot Pr”(SC(zs/yo))> +&”

= sup Z A-wo(s' ) - hg;}r’lf‘l;and(t’, s')+¢&” (D.18)
acA s tES

By induction over k — 1 we get

(D.1§) < sup ST N w(s ) e ) 4 € (D.19)
aCA g pes

By the choice of 1o we get

(D.19) = sup A-K ()" (7, 7p) + €7 (D.20)

By the choice of 7, and 75, we get

(D.20) < sup  sup inf A Ky (7, 7)) + €

a€A 7 Edere (s,a) TtEdercy(t,a)
A,rand 7
=1, (s, t) + 7.

Since hl}’e)"r’;igf(t, 5) < " (s, 1) + ¢ holds for all € > 0, we can conclude that Equation (D-11)) holds. [

Proof of Theorem | The relation b*rand > m%gmM is an immediate consequence of Theorem
Theorem 2T} Theorem[21]2] and Definition 23] Ol
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Proof of Theorem We expand only the case of hemimetrics. The case of metrics will then follow
by symmetrization.
With abuse of notation, given k € N, we write

hk,A,rand(s7 t)

Te,tbt
= sup sup sup inf M= Pr(SC (24, @) — Pr(SC(z1,0, )|
0€0 ?6‘2‘; 2. ,ERestand (5 0) Zt,0EResII (¢,0)
al<

so that hi}g‘érbind(s,t) takes into account only the differences of s,¢ that can be tested in the first k& steps.

Notice that h%’;:g?(s,t) = limy_ o0 hi}ﬁ;rbind(s,t). Therefore, to prove the thesis, we prove the stronger
property that
for each k € N, vy (s,t) > w52 (s, 1). (D.21)

The thesis will then follow by Proposition [2| and the monotonicity of the limit.
We proceed by induction over k € N.

Consider the base case k = 1. It is easy to check that

1 if init(s) # init(¢)

A.rand 1,\,rand
oy s 1) = h 3Ny s. t) =
1 (s,1) Te,tbt (5,1) {0 otherwise

and thus Equation (D.21)) directly follows.

Consider now the inductive step k > 1. If hl}g‘éﬁnd(s,t) = 0, then there is nothing to prove. Hence

assume that h?r’e’?tﬁnd(s, t) > 0. We have

k,\,rand
th,tI{)in (t,S)

= sup  sup sup inf AL Pr(SC (24,0, @) — Pr(SC(z1.0,a))|  (D.22)
0€0 acA*,|a|<k Z; ,€Res22d(s,0) Z4t,0€Resznd (L,0)

max

By definition of supremum, for each & > 0 there are o. € O, a. € A* and Z¢ , € Res'™d(s,0.) such that

sup sup sup inf Mel=L L Pr(SC (24,0, @) — Pr(SC(z1,0, )|
0€0 acA* |a|<k Z, ,€Resiand(s,0) Zr.o€Resi(t,0)
< mf AeUPKSC(E,  az)) - PH(SClz, )] + 2.

Z4 00 €Rest22d (¢,0.)

max

We can assume wlog. that a. = aa’ for some o’ € A* s.t. [o/| < k — 1. We remark that z5 ,_ is of the form

Zy || Zo. for some Z, € Res™(s), Z,. € Res"(0.). We denote by 7, € dere(s, a) the distribution reached
by Zs via the execution of a, and by 7,_ the analogous for z,_. Therefore

< inf Aloel=1, [Pr(SC(25 ., ac)) — Pr(SC(zt,0., )| + (D.23)

Z4t,0. ERest22d(t,0.)

max
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We choose an arbitrary resolution Z;, € Res!™4(t,0.) to substitute the infimum. We construct Z5,. as

follows. We exploit the distribution 74 from the previous step and then we exploit the definition of infimum

which guarantees that for each e; > 0 there is a distribution 7; such that inf ., cger.,(t,0) K(rg r?nd)(frs, m) >

K(r2 randy(z %) — e1. Then we let w = argming cop(. 7,) K (ry"4") (7, 7). Choose g5 > 0. For each

s’ € supp(s),t" € supp(7t), 0’ € supp(mo,), we let 27, € Resi™4 (¢ o) be such that

max

inf AlI=1 | Pr(SC(2
Zyr o1 EResand (t7,0")

> [Pr(SC(z5, . o)) ~ Pr(SC(i2,,0"))] - o

i/,o’a a/)) - Pr(SC(Zt’,o’a O/))|

Then we let 2§, 5 7 with 7 =Y, .5 co 7t (t')To. (0')6.22 . Therefore
WYe 9 t,,ol
(D23) < NI~ [Pr(SC(25 ., ) — Pr(SC(2f,,., )| +¢

= Al N R (8) 7o, (o) - Pr(SC(25 o, 0)) = > &t - 7o, (0) - Pr(SC(277,, o)) |(D.24)
s'€8,0'€0 t'€S,0'€0
By the choice of 1o, we get

O24) = A=t N (D (s, 1)) R (o) - Pr(SC(25 0, @) +

s'€S5,00€0 t'eS

— Y (O (s, ) 7o, (o)  Pr(SC(z7,, 0))| + €
t'eS,0'€0 s’'eS
<A Y () A (o) AT Pr(SC(2G 0, @) — Pr(SC(22,, )| + € (D.25)
s' t'€S,0'€O

By the choice of each z;?,, by letting ¢’ = € + e2, we get

,0'

D2 <A > w(st) 7o) inf Ne'I=1 Pr(SC(25 1, a)) = Pr(SC(zp0r, )] + €’

s/ €S, 0'€0 Zt’ /EReifl?;‘g(f/ ’) )
<A Z (s’ t') - sup sup

s',t'€S,0'€O 0€0 ac A |al<k-1

sup inf AT Pr(SC 20,0, ) = Pr(SC(2r 0, )] + ¢
Z. ,EResi2d(s/,0) 2y ,ERes2R(t,0)
= > Aew(s, ) hi gt s + e (D.26)
s/ t'ES

By induction over k — 1, we get

> Aw(s ) (s ) 4 € (D.27)
s/ t’eS

By the choice of 1o, we get

D27) = A - K(ry™8) (7g, ) + €’ (D.28)

By the choice of 7; and 7, by letting €’ = ¢’ + 1, we get

(D.28) < sup  sup inf A Ky (7, 7)) + €

a€A 1 edere; (s,a) Tt€deres(t,a)
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=" (s 1) 4 €

Since hfr;;‘t’gtnd(s, t) < r?’mnd(s, t) + ¢ holds for all € > 0, we can conclude that Equation holds. O

Proof of Theorem The thesis follows by noticing that each trace a € A* corresponds to a particular

test, 04, that has only one a-compatible maximal computation. For completeness, in the case of hemimetrics,
we have

A,
hTr),(tbt (s;1)

= sup A=t sup inf  |Pr(C(zs,a)) — Pr(C(z, @))]
acA* Z,ERes*(s) ZtERes™(t)

= sup Alel7? sup inf [Pr(SC(zs,0,,a)) — Pr(SC(z,,,®))|
aEA* 25,00 €EResE | (5,0a) 24,00 ERes(t,04)

< sup sup At sup inf [Pr(SC(zs,0, @) — Pr(SC(z,0, o))|
0€0 ace A Z,,0€Res¥ . (s,0) Zt,0€Res*(t,0)

A,
= hTe),(tbt(S’ t).

O

Proof of Theorem We expand only the case of hemimetrics. The case of metrics can be obtain by
symmetrization.

Firstly we notice that h%’fsup(& t) <h
corresponds to a particular test.

Hence, to prove the thesis, it is enough to show that h%’e)fsup(s, t) < h’j\ﬂ’r’;up(s, t). Clearly, if h%;efsup(s, t) =

A, X

Te’sup(s, t) immediately follows by noticing that each trace o € A*

0, then there is nothing to prove. So, assume hx (s,t) > 0. We have

Te,sup
A,
hTe),csup(Sv t)
= sup sup Al*I~? ( sup Pr(SC(zs,0,)) — sup Pr(SC(zt7o,a))>
0€0 ac A* Z5 0€ResX . (s,0) Z: oE€ResY . (t,0)
= sup sup A°l7! ( sup sup  Pr(C(zs,a))Pr(SC(z,,a))+
0€0 ac A Z,€Res*(s) Z,€Res% (o)

—  sup sup  Pr(C(zt, a))Pr(SC(z,, )
Zi€Res*(t) Z,€Resy ., (0)

0€0 aeA* Z,cRes Z;€Res*(s) Z,€Res*(t)

max (O)

= sup sup sup  Pr(SC(z,,a))Alel—t ( sup Pr(C(zs,a)) — sup Pr(C(zt,a))>

aEAx Z,ERes*(s) Z,€Res*(t)

= sup )\IO‘_1< sup Pr(C(zs,a)) — sup Pr(C(zt7a))>

= h}, (s,1).

Tr,sup
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