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Algebraic Specification: List

Sorts

bash

sort Elem, List

Constructors

mathematica

nil + » List

cons + Elem x List = List

Selectors / Observers

mathematica

head :+ List » Elem
tail + List » List
isEmpty : List » Bool

Workshop in Honour of Anna

Axioms

Forall x : Elem, xs : List:

csharp

isEmpty(nil) = true
isEmpty(cons(x, xs)) = false
head(cons(x, xs)) =X
tail(cons(x, xs)) = XS
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Observing & Monitoring Anna

= Reactive Systems (2007) (
= Allegro version 2 (2005)

» Characteristic Formulas (1994)
= Timed Rebecca (2014)

= Value-Passing (1993, 2001)

= Runtime Monitoring (2017, 2017, 2017, 2019, ..)
= Leikur og laesi i leikskélum (2011)

= Axiomatizing Finite Prefixes (1995)

= MM for Learning Stochastic Models (2021)

= Finite Equational Bases in Process Algebra (2005)
= Characteristic Formulas for Time (2000)
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“Master Thesis” by Anna

' ﬁéllogik og modale egenskaber
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5 Karakterististiske egenskaber .
5.1 Formel definition af karakteristiske egenskaber . ., . |
5.2 Konstruktionen af karakteristiske egenskaber . . . s
5.3 Opsummering af resultater . . ., . . . ol :

6 Kontekstafhaengige transformationer

6.1 Transformation af endelige egenskaber . , . . . . . .
6.1.1 Definitionaf Ie pAL. . .......,.. .. o
6.1.2 Definitionaf Ic pA M . ... .. ... . ... . ..

6.2 Udvidelse af I til MId o v v o
6.2.1 Definitionaf IcpA Mpg ... ... . ..k .
6.2.2 Fortolkninger i de forskellige logikker . . . . . . . . ..
6.2.3 Den udvidede transformationssaetning . . . . . ... ..

7 Proceskonstruktion under den maximale model
7.1 Proceskonstruktion for endelige

BOTILOE s (Siia v 7 s e oo osieiins mrie o i S
2R REdULLIONSEOINe o oo o 0 o) v aieies s

2.1 ‘Bevissystemnet MAX . . .o.ovi vw sl sacdrai R

1.2:2  Reduktionsreglerne ... ... .o s s i it TR
7:38 Konstruktionstrinet . % . o aosi ark Wl G

7.3.1 Konstruktionssaetningen . . . . . . .. .. ..

7.3.2 Konstruktion af algoritme for simple formler . . ..

7.3.3 Fuldstzendiggorelse af algoritmen . . . . .. .. .
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Characteristic Formulas by Anna
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Michael Zeeberg, Anna Ingélfsdéttir,
Jens Chr Godskesen: Fra Hennessy-Milner Logic til CCS
Processer, 1987

Bernhard Steffen, Anna Ingolfsdottir:
Characteristic Formulae for Processes with Divergence. Inf.
Comput., 1994

Luca Aceto, Anna Ingolfsdottir, Mikkel Lykke Pedersen, Jan Poulsen:
Characteristic formulae for timed automata. ITA 2000.

Luca Aceto, Anna Ingé6lfsdéttir: Characteristic Formulae: From
Automata to Logic. Bulletin of the EATCS 91, 2007.

Luca Aceto, Anna Ingélfsdéttir, Joshua Sack: Characteristic Formulae
for Fixed-Point Semantics: A General Framework. EXPRESS 2009

Luca Aceto, Dario Della Monica, Ignacio Fabregas, Anna Ingolfsdottir:
When Are Prime Formulae Characteristic? MFCS, 2015

Luca Aceto, Dario Della Monica, Ignacio Fabregas, Anna Ingolfsdottir:
\Elsv]he(zgoa]rg)prime formulae characteristic? Theor. Comput. Sci. 777: 3-

Luca Aceto, Antonis Achilleos, Adrian Francalanza, Anna
Ingolfsdottir: The complexity of identifying characteristic formulae. J.
Log. Algebraic Methods Program, 2020

Luca Aceto, Antonis Achilleos, Aggeliki Chalki, Anna Ingoélfsdottir:
The Complexity of Deciding Characteristic Formulae in Van
Glabbeek's Branching-Time Spectrum. CSL 2025
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Process Calculi Ingrediences:
Models=Processes A, B, ...

Operators 4+, |, ||, - - -

Equivalences, Preorders ~, ~, <,...
Specifications=Logical Properties ¢,, ...

Equivalence Checking
Given Aand B: A~ B?

Model Checking:
Given ¢ and A: A = ¢7?

Satisfiability:
Given ¢: JA.Al=¢ 7?7

Workshop in Honour of Anna

Adequacy:
A~ B iff Vp. A= o < B = ¢.

Characteristic Properties (¢ 4):
Given A: B = ¢y iff A~ B7?

Quotienting (¢/B):
Given B, ¢: (A|B) = ¢ iff A= ¢/B7?

Kim Larsen [7]
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Finite State Systems
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Definition A transition system is as structure T = (§,—, Act)
where:

= S is a finite set of states
= Act is a finite set of actions
= >C S X Act xS is the transition relation.
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Definition A transition system is as structure T = (§,—, Act)
where:

= S is a finite set of states
= Act is a finite set of actions
= >C S X Act xS is the transition relation.

Definition B < § x § is a bisimulation iff whenever (P,Q) € B
then

= Whenever P -, P' then Q -, Q' with (P’,Q') € B
= Whenever Q -, Q' then P -, P' with (P’',Q') € B
P ~ Q if and only if (P,Q) € B for some bisimulation B.

Robin Milner
David Park
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a

a . a b ceccee .‘\‘

c f
Synchronization function:

Semantics F:(Act U{OD)" — Act

.
[P, — P!] j=1.n

(Pq1,...,Pn)|/f] L(Piv---apf,’z)[f] fla1,...,an) = a

where F; 9, F;

Examples: Notation:
finter(0,..,a,0...) = a (P1|...]| Pn): Interleaving
fsyne(a,a,...,a) = a (P1||--.|| Pn): Synchronous

Workshop in Honour of Anna Kim Larsen [11]



a

a . a b ] ceceee .‘\‘

c f
Synchronization function:

Semantics F:(Act U{OD)" — Act

[P =% P!l i=1.n
(Py,.... P = (P],....P)If]

flag,...,an) =a

where P; 9, P;

Theorem
Whenever Pi~0Qq ...... P, ~ 0,
Then (Pl r:Pn)[f] ~ (er"'rQn)[f]

Workshop in Honour of Anna Kim Larsen [12]



Syntax:
¢ =t |ff| 1 Ao | P11V po|(a)p|[a]ed

Semantics:
P = (a)¢ iff AP'.P =5 P' AP = ¢
P = [a]¢ iff YPI.P 25 Pl = P/ = ¢

Example: Adequacy Theorem
P
a : P~ Q
; [a]{b)tt a if and only if
b c b/ ¢ VO.P = ¢ = QF ¢

Workshop in Honour of Anna Kim Larsen [13]



Graf&Sifakis'87
Zeeberg&Ingolfsdottir&Godskesen’87
Ingolfsdottir&Steffen94
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Given A: d¢u. B
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— 4 iff A~ B ?

bn =
Ni <az‘><b’mz'/\
Ng lal (\/i.ai:a Cbmz)

Graf&Sifakis'87
Zeeberg&Ingolfsdottir&Godskesen’87
Ingolfsdottir&Steffen94
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Given A: dp . B = ¢y iff A~ B 7

bn =
Ni <az‘><b’mz'/\
Ng lal (\/i.ai:a Cbmz)

Xgkm = (m) Xq A [m]Xq A [{2 B},

Xq = &) Xgkm N (k) Xgkm A [{E, kX gkom A [m] £ Graf&Sifakis'87
Zeeberg&Ingolfsdottir&Godskesen’87
Ingolfsdottir&Steffen94
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Timed Systems

«

AALBORG UNIVERSITET



n Over set of clocks C.

Invariants r <5

Guard x>3Ny>3
Action Qa

Reset v L= O

Semantics

Workshop in Honour of Anna

States: (n,») where v : C — R.

Transitions:
Delay: (nfb—Oy—w) (nx—wy—Qw)
Action: (n,x = .y = 27) — (m,z = 0,y = 27)

Kim Larsen [18]



Syntax

Intr. Formula Clock

Declarations

Workshop in Honour of Anna

E :

Over formula clocks K.

tt | ff| Z |

¢1 NP2 | o1V @2 |

(a)yo | la]o |
d¢ | Vo |

ring|lrx~n|x—y~n

Test Formula Clock

where ~ € {,=,<,>,<, >}, Z is an identifier.

Z1 =v ¢1
Zn =y ¢
Zm —v d)m

Kim Larsen [19]



¢ holds between [ and w: = in 3l <z < u A @)
Invariantly ¢: X =, ¢ A Ayealal X AVX
¢ Until ¥: X =, YV (¢ A Ngeala] X ANVX)

¢ Untiley o2 2 in ((p Az <t) Until )
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Interpretation
Formula over K

<(?’L, U)a ?,L) — q5 —
/ \
State of TA over C Time assignment
over K

Semantics

((n,v),u) = ( )¢ iff
A(n,v) — (n/,v") st. ((n',2"),u) = ¢

((Tl,U),U) T E|¢ iff
dd e R st. {(n,v+d),u+d) = ¢

Workshop in Honour of Anna Kim Larsen [21]



Given A: d¢y. B
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— 4 iff A~ B 7

bn =
Ni <ai>¢mz‘/\
Na Lal(Vig;=a Pmy;)

Graf&Sifakis'87
Zeeberg&Ingolfsdottir&Godskesen’'87
Ingolfsdottir&Steffen’o4
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Larsen, Laroussinie, Weise, 1995
Aceto, Ingolfsdottir, Pedersen, Poulsen, 2000

IDEA: Automata clocks become formula clocks
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Larsen, Laroussinie, Weise, 1995
Aceto, Ingolfsdottir, Pedersen, Poulsen, 2000

suce(yo) = e
succ(ys) = M3

B(y)=(x=0Ay=0)
Blrs)=(0<z<lAy=1)

Regions {x,y} M=1

# regions grow explonentially in #clock & M

IDEA: Automata clocks become formula clocks

Workshop in Honour of Anna Kim Larsen [24]



Larsen, Laroussinie, Weise, 1995
Aceto, Ingolfsdottir, Pedersen, Poulsen, 2000

B(n,7) ©
( /\(ae) (re in @(n;,re('y))) A /\[a] ( V (re in Q(n;,re(’)’)))) \

\ /\V(_/\ BH) = <I>(17,7’)) |

# regions grow explonentially in #clock & M

IDEA: Automata clocks become formula clocks
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IDEA: Automata clocks become formula clocks
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Larsen, Laroussinie, Weise, 1995
Aceto, Ingolfsdottir, Pedersen, Poulsen, 2000

O
V[Inv(n)A
Ni 9i = ({ag)r; IN dm)A
Na lal(Vig,=a (T3 TN @dmy) A g;))
]

JInv(n)poarder

(I,1) ~ (n,v) iff {((I,u),v) = dn
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X, ™= (y<1= ((a)y in X))
Ala)(y < 1A (y in X))
A YWXy.

IDEA: Automata clocks become formula clocks
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Larsen, Laroussinie, Weise, 1995
Aceto, Ingolfsdottir, Pedersen, Poulsen, 2000

On =

V[Inv(n)A

Ni i = ()T TN dmy) A

/\a [a] (\/i.ai:a(fri in quf[,) A gz))
]

JInv(n)poarder

(I,1) ~ (n,v) iff {((I,u),v) = dn
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Larsen, Laroussinie, Weise, 1995
Aceto, Ingolfsdottir, Pedersen, Poulsen, 2000

O
V[Inv(n)A
Ni 9i = ({ag)r; IN dm)A
Na lal(Vig,=a (T3 TN @dmy) A g;))
]

Timed (bi)similarity

max .
X = (y<1= ((a)y EXE)) 3lnv(n)poarder Timed ready simulation
Alal(y < 1A (yin Xp)) Faster-than bisimilarity
AW Xy. Timed Trace Inclusion

(I,1) ~ (n,v) iff {(I,u),v) = dn

IDEA: Automata clocks become formula clocks
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dddddad
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% T 08 vans = ns

dad ddddadad dadd

Exercise 12.12 (For the keenest) Show the claim made in the above proof. To this
end, you might find it useful to begin by proving the claim by induction on the
structure of formulae, assuming the following auxiliary statements:

1. (A,\/2) and (B, d) are timed bisimilar for each d > \/2;
2. for each d,e > /2 the states (A, d) and (B, e) are timed bisimilar; and
3. for each d < /2, for clock valuations u,u' and for each formula F,

((A,v2).u) = F and (A, d), ') = F imply (B, V/2),u) = F.

Next you should proceed to establish each of the above auxiliary statements. For
the last statement, use structural induction on F. &

Reactive

specification and
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A V2 B V2 ¢=W(x=2-=[a]l)

10 -1

aaaaaa aa aaaaaa aaa (Ai)Eo¢ (B,i)E ¢
I . oo Samy Jaziri, L,
L: ¢ p=1]x 27| ¢ - ¢ | [a]¢ | qu | vx'¢ Raduxll\/lardare,
where: r € Qsg, € {2} xe K Bingtian Xue, 2014
Semantics Theorem (Adequacy)

Workshop in Honour of Anna Kim Larsen [30]



Summary & Next

Lime: Probabilistic
Systems

Model
Checking P
XML trec=> XCTL N
Adequacy N
Y (Y when Y
modifying logic)
Characteristic
Property Y B Y
Quotient N
Y Y (Y when
extending loqic
Finite Model v N Y
Property (N for PCTL)
Satisfiability N v
(decidabilit Y (Y restricting #cl
& max const) (2 PCTL)
Validity Y (Kozen) v Y
(axiom.)
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Congratulation & Best Wishes  Kim & Merete (.
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